THE INVERSION OF THE LAPLACE INTEGRAL
AND THE RELATED MOMENT PROBLEM?*

BY
D. V. WIDDER

INTRODUCTION

Let a(#) be a complex function of the real variable ¢, of bounded variation
in the interval (0, R) for every positive R, and such that the integral

1) 1@ = " estda)

converges for some complex value of x. It is then known that the integral
will converge for all complex x of greater real part and will consequently
define a function, which we have denoted by f(x), in a half-plane. By the
inversion of the integral (1) we mean the determination of the function a(f)
in terms of the function f(x). There is one special case of (1) of particular
interest, that in which «(#) is a step-function with jumps only at the integral
points. Then

@) f(x) = z%a,.e""’.

In this case the problem of inversion reduces to the determination of the co-
efficients of the power series (2). If we set z=¢~=in (2) we get

F&) = fllog (1/2) = Dlans”,
n=0

and there are two familiar determinations of the coefficients. One is in terms

of a contour integral
1 F(z)
ey = — d

2riJ ¢ gl

where the contour C may be taken as a circle with center at 2=0 and with
any sufficiently small radius, the integration being in the positive sense. The
other is
an = F™(0)/n!.
If we return to the function f(x), the contour C becomes a vertical line in

* Presented to the Society, December 29, 1932; received by the editors January 13, 1933, and
in revised form in June, 1933.
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the x-plane. Likewise we should have

1 d» 1
a, = lim— f (log —)

n! dz" Z

Lo P

as x becomes infinite along the positive real axis.*

Reasoning from this special case, we should expect that for the general
case (1) there would be two determinations of «a(f), one in terms of a contour
integral along a vertical line, the other in terms of the derivatives of f(x)
for large real positive values of x. The first of these is in fact very well known.
For the special case in which

(3) a(t) = j; o(u)du
and
4) f(x) = j; “e”‘¢(t)dt

it was already known to Cauchy in the form

27

1 potio
() = — f " @,

where c is a sufficiently large real constant and the path of integration is a
vertical line. The general case (1) seems first to have been treated by H.
Hamburger.t It is remarkable that the second method, discovered the first
in the special case (2), has received no attention until very recent times. It
-was apparently discovered first by W. P. Mason in his researches in electrical
theory of 1929. No rigorous derivation of the inversion formula was published,
however. In 1930 E. L. Post did obtain an inversion formula of the type in
question for the special case in which the function «(#) has the form (3) with
¢(u) a continuous function.} It is the purpose of the present paper to obtain
an inversion formula for the general integral (1).

By way of introducing this inversion operator let us consider first func-
tions f(x) which are analytic at infinity and which vanish there. That is, f(x)

* We could of course take the approach along any parallel line or along any curve proceeding
indefinitely to the right.

t H. Hamburger, Uber eine Riemannsche Formel aus der Theorie der Dirichletschen Reihen,
Mathematische Zeitschrift, vol. 6 (1920), p. 6. See also D. V. Widder, A generalization of Diricklet's
series and of Laplace’s integrals by means of a Stieltjes integral, these Transactions, vol. 31 (1929), p.
708. We shall refer to this latter paper as I.

1 E. L. Post, Generalized differentiation, these Transactions, vol. 32 (1930), p. 772.
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can be represented for le sufficiently large by a convergent power series in
1/,
© b

&) f(x) = Zo

xntl

If we note that

1 N
= f et —dt
xﬂ+1 0 n !

for all x whose real part is positive, we see that

f(z) = f "),

0 b”n
o= > .

nm=0 n!

Now introduce the operator

Ldio] = S2e(2) ()

k! ¢ ¢
For the series (5),
© (n+ k)! t\"
Bl = £ ()
As k becomes infinite,
k-m-(fkTTf)!=l n=0,1,---),

so that, if it were permissible to interchange summation and limit signs, we
should have

lim Ly, [f(x)] = ib,.t—”' = ¢(?).
k—o n=0 N!

This leads us to introduce an operator L.[f(x)] by the equation
Le[f(x)] = 1;1131Lk,:[f(x)].

We could easily justify the formal steps taken above and show rigorously
that
L[f(x)] = ¢(2) (0<t< ).

However, our purpose for the moment is merely to provide a heuristic ap-
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proach. Much more general cases, in which the method of series will not be
applicable, will be treated later.

We may now see what sort of operator will apply to the Stieltjes integral
(1) by performing an integration by parts,

f(x) = xfwe"'a(t)dt.

If we apply the operator L, to the function f(x)/x, we expect, guided by the
above formal work, to obtain the function «(¢). On the other hand we can
show, as we do in §3, that

0

uk
- FED () du.

Lea[f(2)/2] = f(0) + (- 1)k+1f

k/t

We are thus led to introduce a second operator S by the equations

0

Salf@] = 5@ + (= 00 [T jornia,

©) o
S,[f(x)] = klim Sk,z[f(x)].
We shall show in §3 that our conjecture is verified, that for every convergent
integral (1)
alt +) + ot —)

Se[f(x)] = . (0 <t< )

at least if a suitable constant is added to the function a(f) so as to make
a(0) =0. (This change in «a(f) of course produces no change in f(x).)

In §4 we treat the most general integral (4) where the function ¢(?) is
integrable in the sense of Lebesgue, and we find that the operator L. inverts
the integral for almost all positive values of x. The remaining sections of
Part I are devoted to further inversion formulas, it being always understood
that the function f(x) is known to have a representation (1). In Part II we
drop this assumption and consider all functions f(x) to which the operators
L and S are applicable. Their very nature demands, of course, that the func-
tions f(x) must have derivatives of all orders and must have certain asymp-
totic properties as x becomes positively infinite. We are thus able to develop
necessary and sufficient conditions that a function f(x) should have a repre-
sentation (1). Among other results we prove a theorem of S. Bernstein to the
effect that if f(x) is completely monotonic,

™ (= D¥®(x) 2 0 (k=0,1,--+),
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it must have the representation (1) with «(¢) a non-decreasing function. By
use of our operator S this result becomes almost self-evident. For, if (7)
holds, Sk,:[f(x)] is clearly a non-decreasing function of ¢. The same must be
true of S¢[f(x)] if this function exists. The existence of this limit of course
requires proof.

In Part III we take up several applications. First we discuss the zeros of a
function f(x) represented in the form (1). To make our results more descrip-
tive let us consider here the case (4) where ¢(f) is real and continuous. We
are able to show that if ¢(f) has just # changes of sign in (0, «) then f®(x)
will have exactly the same number in the interval of convergence of (4) for
all % sufficiently large. We are even able to compute the coordinates of the
zeros of ¢(¢) in terms of those of f*(x). Thus if the zeros of ¢(f) are at the
points &, &, - - -, t., Wwhere

0<h<t<-: <t

and if those of f® (x) are at the points 'xl,,,, X2,k * 5 Xn,k, Where
X1,k > Kok > 000 > Xnyky
then
.k .
lim — = G=1,2---).
k= Xk .

In an article in the Proceedings of the National Academy of Sciences* we
announced this result with the restriction that ¢(#) should approach a limit
as ¢ becomes infinite, observing that the condition was probably redundant.
J. Karamataf in a subsequent note of the same Proceedings removed this re-
striction but imposed another. In the present paper we remove all conditions
of the type, demanding only that the integral (1) should converge, a condition
imposed by the nature of the problem. We do not even demand that «a(¢) or
¢(?) should be continuous.

In Part IV we treat the complex case. The integral is taken in the form
(4), and the function ¢(#) is supposed analytic in the half-plane for which the
real part of ¢ is positive and of such a nature that the integral (4) converges
when the path of integration is the positive real axis. We are then able to

show that
Li[f(2)] = ¢(®)

for all complex ¢ whose real part is positive. By use of this result we are able
to treat also the complex zeros of ¢(¢) in terms of the complex zeros of f®(x).

* D. V. Widder, On the changes of sign of the derivatives of a function defined by a Laplace injegral,
Proceedings of the National Academy of Sciences, vol. 18 (1932), p. 112.

t J. Karamata, Remarks on a theorem of D. V. Widder, Proceedings of the National Academy of
Sciences, vol. 18 (1932), p. 406.
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In Part V we take up a moment problem intimately related to the La-
place integral. If in (1) we allow x to take on only positive integral values we
have by an obvious change of variable

0 1
® Fn) = un = f eida(l) = f PaBM) (n=0,1,2,- ).
[] 0

The determination of 8(f) in terms of the sequence {u,} is the moment prob-
lem of Hausdorff. Since the variable # now runs through a discrete set of
values we expect to get an operator applicable to the sequence {u.} as the
operator L was to the integral (4) by replacing the derivative of order % by
a difference of order % and by replacing a (k+1)th power of x by a product
n(n+1) - - - (n+k). Proceeding in this way we are led to define the operator
L.{u.} by the equations '

(n+ k+ 1)! kt
Lifpa} = T(— D*A*u,,. n = [1—:],
L:{un} = ’}im Li.i{un}.

Here [#] means the greatest integer contained in #. We find in fact that this
operator does invert the moment sequence (8) if B(f) has the form (3) with
¢(?) integrable in (0, 1). That is,

Lt{l‘n} = ¢(t)

almost everywhere in (0, 1). In defining an operator S which will be appli-

cable to the general sequence (8) we again proceed by analogy replacing the

integral sign by the summation sign and the derivatives by differences in (6).
In this way we arrive at the operators

= (i k)

Sit{pn) = — o — 2 >

imnt1  lR!

kt
Se{ua} = :imSk,:{#n}, n= [1—-—t]

(__ 1)k+lAk+l#‘,

We then prove that

_ B +) + B¢ -)

Sc{l-tn} 3

0<t<1).

We then turn to sequences {u,.} which are not known to be moment se-
quences and discuss the effect of the operators L and .S on them. We are able
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to obtain necessary and sufficient conditions that a given sequence should
be a moment sequence. In particular Hausdorff’s theorem to the effect that
every completely monotonic sequence,

(—l)kAkﬂngo (k=0,1,--~;n=0’1’...)’

has the form (8) with B(#) non-decreasing is obtained by use of the moment
operator S {u.} with the same ease as Bernstein’s theorem was obtained by
use of the integral operator S.[f(x) ].

As a further application of the operators L and S a study is made of the
changes of sign of a sequence {u.} as affected by the changes of trend in
B(¢#) or by the changes of sign in ¢(#). Results analogous to these already men-
tioned for the Laplace integral are obtained, results which serve to general-
ize certain theorems of M. Fekete.{ In conclusion the complex case is treated.
A slight modification of the operator L is necessary to give it meaning for
complex ¢ In the foregoing definition we merely replace [k¢/(1—£)] by
ki/(1—1) thus defining an operator which we denote by L; {u.}. We find that

if ¢(#) is analytic in a circle of unit diameter with center at =%, then through-
out that circle

L*{ua} = ¢(8).

The method found to be most serviceable in the major part of this paper

is the Laplace method of determining an asymptotic expression for an integral
of the form

f (1) )% (t)dt

when % becomes infinite. In the last section of the paper we use a modifica-
tion of this method due to Perron for the case in which the integrand is com-
plex and the path of integration is in the complex plane.

Part I
INVERSION FORMULAS

1. The problem. In Part I we shall discuss functions f(x) of the real

variable x which are known to be expressible by means of a Laplace-Stieltjes
integral

(1.1) f(=) =j; e*tda(t)

where the function a(f) is a real function of bounded variation in the interval

t M. Fekete, Sur les changements de signe d’une fonction continue dans un intervalle, Paris
Comptes Rendus, vol. 190 (1930), p. 1366. References to Fekete’s earlier work on the subject are
given in this article.



114 D. V. WIDDER [January

0=<:¢=R for every positive R, where a(0) =0, and where the integral con-
verges for some value of . We shall obtain a formula for the determination
of a(f) in terms of the values of f(x) and its derivatives. It will appear that a
knowledge of these values in a neighborhood of x =+ o will be sufficient. In
particular if a(f) is the integral of a function ¢(#) so that (1.1) becomes

(1.2) f(x) = f “ea(ar,

we shall obtain a similar formula for ¢(¢).
2. A preliminary limit. In order to develop the inversion formula for
(1.1) we find it useful to know the value of the following limit:

O T T
k- 14 21\t kIN¢

for all positive . To show the existence of this limit and to obtain its value
we first express it as a definite integral by use of Taylor’s formula with exact
remainder,

f(x) = f(0) + f'(0)x + f”(O)% -+ f""(O)— f f"‘+ Y (u)du.

For our purposes take f(x) =e* and replace x by &/¢. Then

Kt = 1 4 k +i<i)2+ +_1_<i)k+ if H‘(f_ - u)ke"du
. : 2N BN\ ¢ e, \¢ ’

R O ol
4 21\ ¢ RIN ¢
1 Rl p k 1 kit
=1- ——f (— - u) ev—(kldy = 1 — —f uke—vdu.
ktJo t klJo

If we set w=*ky this becomes

kk-l-l 1/t

a® =1-—— [ ey,
kRl Jo

We can show at once that H(f) approaches 1 as % becomes infinite for £>1.

For, the function ye~v has a single maximum at y=1, and is consequently

increasing for y <1, decreasing for y>1. For ¢>1 this maximum is outside the

interval of integration. Hence

kk+l —k/t

|Hat) — 1] <

k! gt
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The right-hand side of this inequality approaches zero as k2 becomes infinite,
as one sees by use of Stirling’s formula.
Next suppose that £<1. Since

k! =f e vukdu
0

we may clearly obtain the following expression for Hi(¢):

1 © Er+1 ©
Hiy(t) = — | wurevdu =
kU ke kRl Ju

e~V | kdy.
Y Yy

If £ <1, the function ye~v is a decreasing function for y>1/¢, so that

1 k—1 kk+l ©
| H:(0) | <l'[-— “"] f ye~vdy.
t k! Jy

It

The right-hand side of this inequality approaches zero as k2 becomes infinite,
so that H(f) must do so also.
It remains to treat the case {=1. We have

1 k
H(l) =1-—— f wrevdu,
£ J,

and by a direct application of Laplace’s method* we see that
lim Hi(1) = %.

ko

We have thus proved
THEOREM 1. On setting

H(,)=e—m[1+i+i(i>2+..._,__l_(f_y]
k t 21\t r\t/) 1

we have
k/tuk nouk
Hk(t)=1—-f ——“du=f —e4du,
o k! ke k!
and
0if0<t<1
limH,,(t)={%ift=l
ko
1if1<t< o,

If we set g(f) =limy., Hx(f), then

* G. Pélya and G. Szegd, Aufgaben und Lehrsitze aus der Analysis, vol. I, chapter 2, p. 80,
problem 210. The result was known to Jacobi; cf. Gesammelte Werke, vol. 7, p. 213.
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= [ g,
0

so that Theorem 1 gives us an inversion formula for the integral (1.1) in this
special case.

3. The inversion of the Laplace-Stieltjes integral. From the result of
Theorem 1 we can now conjecture the inversion operator for the general
integral (1.1). We introduce the following

DEFINITION. An operator S.[f(x)] is defined by the equations

L)

k
(3.1)  Sw.ilf(®)] = f(») + (— 1)‘+1f %f"‘“)(u)du (k=0,1,2,--:),

k/t

3.2) Se[f(x)] = :Esk..[f(x)];

For this operator to be applicable to a given function f(x) it is necessary
that each of the operations involved in the definition should be well defined
for the function. Thus f(x) must have continuous derivatives of all orders,
must approach a finite limit as £ becomes infinite, the improper integrals
(3.1) must converge, and the limit (3.2) must exist. The operator is clearly
distributive. We shall show in this section that it is well defined if f(x) has
the representation (1.1) and that it serves to invert that integral. The result
to be established is the following:

THEOREM 2. If the integral

L]

(3.3) f(2) = f e=tda(t) (a(0) = 0)

converges for x>c, then

silf) = DT > 0).

Since the given integral converges for x>¢ we know that there exists a
constant M such that

(3.4) |a(®) | < Meot (0=<t< ),

where g is a positive constant greater than ¢.* Hence, on integrating by
parts, we obtain

* D. V. Widder, I, p. 703, Lemma 2.
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f(x) = lim [e"‘a(f)] + xfﬂé"‘a(t)dt (x> g),
(3.5) - ’
f(x) =« j:) e~*ta(t)ds.

Set f(x)/x=F(x) and introduce a new operator S by the
DEFINITION. A7 operator L.[f(x)] is defined by the equations

Li[f(2)] = (= DB/ )R/ /R (k=0,1,2,--),
Lf(x)] = ,,lin:L""U(x)]'

We shall show that this operation is well defined when applied to F(x)
and that the result of the operation is [a(t+)+a(t—)]/2. If x>g equation
(3.5) gives us*

F®(x) = (— l)kf e *'tka(t)ds.

[}
Hence

, 1 k k+1 0
Led[F(®)] =;(7) S emytatnay.

Let % be an arbitrary positive value of ¢ and make the transformation
#=1y/t,. Then

k+1

k!

Ly [F(z)] = j; we""‘u"a(tou)du.

By use of the function g(#) of §2 we now define the function
V(@) = [alt +) — alte =) ]g@) + alt —).
This function has the properties
Y1 +) = alb +),
(1 =) = a(t —),
o1 = a(to +) ':a(to -) ,

so that the function
o(u) = a(tou) — Y(u)
has the properties

* D. V. Widder, I, p. 702, Corollary 2.
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(3.6) ¢(1+) =¢(1 =) =0.
We wish to show that the difference

a(to +) + ato —

L""a[F(x)] - 2

approaches zero with 1/k. But
B+

k!

bEt+1

k!

[ errptuin = [atto +) = ata -]
0

kE+1

k f °t‘e""‘u"du + a(to —)
= [a(to +) — alto —)]H:(1) + a(to —) > el +) + a(te =)] (k> »).

Hence

fwe"‘“u"g(u)du + a(to —)
0

= [alto +) — alts —)]

alty +) + alty —) - I kktl pw

(3.7) Ly [F(x)] — im e kuyk [a(tou) — Y(u)]du.
2 koo k! 0

By (3.6) we see that to an arbitrary positive quantity e there corresponds a
number 7 such that

(3.8) | o(u)| < ¢/3 O<|1—u|l<n<).
Now divide the interval of integration in the right-hand member of (3.7)

into (0,1 —1n), (1 —n, 1417), (147, ©), the corresponding contributions being
defined as I, I;, and I5 respectively. Then

€ hF1 plin e R pw ¢
| Izl <— f e Fiukdy < — f e kuykdy = — .
3 k! Ji -3 k! Jy 3

If we denote by K an upper bound of |¢(#)] in the interval (0, 1), we have
asin §2
K+

k 1
| I| £ ——Ke*a-n(1 — g)&,

k!

Since the right-hand side of this inequality approaches zero with 1/k we can
determine %, so large that
| 1,| < ¢/3 (k> ko).
Finally, since
)| = | alton) | +[¥@) |,
| $(u) | < Meotor + 3Mevs < Nerv (yr > 0),
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we have

0

B+l
3.9) | Is] < 7&“"‘”““"’(1 -+ p)*> f e Neredu.,

149

Here \ is any fixed number greater than v, so that the integral (3.9) converges.
The right-hand side of .(3.9) tends to zero with 1/k. Hence we can find %
greater than %, such that

| Is] < ¢/3 (k> k).
Then for k>k,
alte +) ': a(te —) <e

ate +) + a(to =) .
2

Lk»‘o[F(x)] -

and
L.[F(2)] =

It will now be established that
Li. [F(®)] = Sk [f(®)],

and this will complete the proof of the theorem. It is not evident that the
operator S has a meaning as applied to f(x). To show that it has we prove
first that

(3.10) (= D™ (x) = f e~*rda(t) = o(x™™) (x—>o;n=1,2...).

0

Indeed, if we set

(3.11) 80) =0, 80) = [ (= 1ywrdote) ¢ >0,
[1]
where
0(0) = 0, w(u) = a(u) — a(0 +) (> 0),
we have

fo(z) = f “e=1ap(t)

= f we"‘ﬁ(t)dt,
0

and

B@) = o(t™) t—0).
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This follows since w(%) is continuous at % =0. The total variation of w(%) in
the interval (0, £), which we denote by V(#), approaches zero with £ and

| B@)| < 7V (2).
If e is an arbitrary positive number we can determine a number & such that
t"
n!

)| <~ 0stsd).

Hence

(3.12)

fs ‘ﬁ(t)dt|<e xfa ndy < ~ xf“ tndy =
x Pt —_— P —_—— estndt = — -
0 2 nld, 2 n!lJy 2"

By integrating (3.11) by parts one sees at once that B(f) satisfies an inequality
|8®)| < Meo 0=t< ),

where M’ and g’ are suitable positive constants. Consequently

(3.13)

xf e=B(t)dt | < M'xf et =0V dt = M'xe~8G=—0")/(x — g')
s :
= o(x™") (x> o).

Combining inequalities (3.12) and (3.13) we have

(3.14) f™(x) = o(x~™) (x— 0, n>0).
For n=0
1) = a0+ = [ Cetda(s).

In this case

B(®) = w(?) = o(1) (¢—0),
and the above proof shows that

f(x) — (0 +) = o(1) (x— ),

whence

f(®) = a(0+).
To show that the improper integral

o uk k

(3.15) fk T FHD (1) du —> c)

converges, we proceed by induction. The integral
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f’(u)du = hmf(R) — f(k/D)
k/t
clearly converges to the value a(0+) —f(k/f). Suppose that we have shown
that the integral (3.15) converges for k=m—1. The equation
um (m) m (m) um—
f<"'+1)(u) f (R)R i (k/t)(i) !
2

K/t m! m!

f ™ (u)

kIt (m—1)! au

together with the relation (3.14) shows that (3.15) also converges for k=m,
and thus we see that Si.:[f(x) ] exists for every positive 2.
Successive integration by parts shows that

sutnor - 1(5) - r(2)2
(- hm () ().

On the other hand we have
k

wdr@l =(5) " g(— 1)k-»(j)f<k-"> <i)”'(‘;‘)+ = Sualf(D)].

k! ¢

Hence
L[F(2)] = S:[f(#)].

This completes the proof of the theorem. In the course of the proof we have
established a result of interest in itself and which we state as

THEOREM 3. If the function ¢(t) is of bounded variation in the interval
(0, R) for every finite R, if for some constant ¢

(3.16) () = O(e*) (t— ),
and if
= —zt d
F(x) f =),

then
o +) + ot =) ]

L[F(2)] = .

Later we shall prove a much more general result of this same character.
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It is of interest to illustrate the foregoing theory by the following ex-
amples:

F(x) = T(y + a7, ¢@) = ¢ (v 2 1);
f(x) =Ty + a7, a@) =*/(v+1) (0<vy<1);
f(®) = (x+ ), a(t) = (1 —e)/c (c > 0);

where the limits involved in the definition of the operators L and S may be
directly computed. Theorem 3 is not applicable to the function I'(y+1)x—7-!
for ¥ <1 since the function ¢(¢) =#" is not of bounded variation in any interval
including the origin.

4. Theinversion of the Laplace-Lebesgue integral. In this section we de-
velop an inversion formula for the case in which a(#) in (1.1) is the integral
of a function ¢(¢),

alt) = f o(w)du,

where ¢(%) is merely integrable in the sense of Lebesgue. Then (1.1) takes
the form (1.2). We shall be able to show that if (1.2) converges for some value
of 2 (and hence for every greater value), then

L[f(=)] = ()

for almost all positive values of ¢. It is important to note that no restriction of
the type (3.16) is imposed on ¢(#), so that the result is the best possible one
for integrals of the type (1.2). We state our result in

THEOREM 4. If the function ¢(t) is integrable in the interval (0, R) for every
positive R and if the integral

4.1) @ = [ ey
0

converges for x> c, then
L[f(=)] = ¢()
for almost all positive values of t.

Since ¢(#) is integrable we have*
t
(4.2) [ 1660 = a0 | au = o £ = ta) (0 to)
ty

for almost all positive values of .

* See, for example, L. Tonelli, Serie Trigonometriche, p. 174.
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Let us fix attention on such a value 4. Set

mmo=jrww—¢www

We wish to show that
L,[f(%)] = ¢(to).

Lk’%[¢(to)] _ L,,,[qb(:)] s,

x

In view of

we have only to show that the integral

MMV@_¢?]=L2me§W£w@_¢wwu

0

approaches zero as k& becomes infinite. By introducing the function B(Z, ¢o)
this becomes

¢(t0) eo_ e k k+1 uk
(4.3) Lk,g.[f(x) - - ]= ﬁ [ k lo(t_> ;!dﬂ(u, to).

0

Set .
ﬂo=f¢ww.

Since the integral (4.1) converges for x >c, there exist positive constants M
and v such that

(4.4) [v@®) | < Mer (0=t < ).
On account of the relation
B, to) = v(1) — v(t) — &(20) (2 — 20)

it is clear that B(Z, ¢o) also satisfies an inequality of the type (4.4). Hence, on
integrating (4.3) by parts, we see that the integrated term vanishes if % is
sufficiently large (£ > g, say). Thus

&(20) _
x]—uw

R\*1 1 g kuk
I(k) = (—) ——f e~ kvl B(u, to)[—— - ku"‘l] du.
to klJo =7

Lea| f0) -

where
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In the integral (k) make the change of variable »=¢,y. We thus obtain

1 k+1 ©
Ik=————-——fe"°”t L) y*(y — 1)dy.
&) =+ &~ 1), Bltay, 20)y*~}(y — 1)dy
Corresponding to an arbitrary positive e there is a number 7 so small that
4.5) |8yt t)| < el y —1]/3 (|y—1] <

by virtue of (4.2). Divide the interval of integration into the three parts
0,1—n), 1—n, 1+79), (149, ©), denoting the corresponding contributions
by I.(k), I.(k), I:(k) respectively. Then

1 kk+l 1
(4.6) |L(k)| = . (k—_gf“"“""(l - n)"“j; | B(toy, 2) | (1 — y)dy.

0

The right-hand side of this inequality, and hence also the left, approaches
zero with 1/k.

Next consider the integral I3(k). It converges absolutely for numbers %
greater than g. Let &; be such a number. Then the integral

4= f ehv| Btoy, o) | yi~U(y — 1)dy
1

converges and

| | 1 phH
4.7) Is(k)| € — ——— e~G—kp¥n)(q =k g
( ) 3( )| = ' (k Y 1 ( + n)k A

The constant 4 is independent of k and one sees easily that the right-hand
side of (4.7) approaches zero with 1/k. Hence we may determine %, so large
that for 2>k

| (kY| < ¢/3, | I (k)| < ¢/3.
As for I(k), we have by virtue of (4.5)
€ 1 kk+1 1+9
Ia(k <————————f ~ku(y — 1)2yk-1q

|| <~ W G o)., o Dy

€ 1 kk+l
< S —

3 & (— 1)

By use of the gamma function we see that the right-hand side of the latter
inequality reduces to €/3 so that

f e~kv(y — 1)%yk1dy.
0

| 1(k)| < e (k> ko).
Hence
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Li,[f(%)] = ¢(t0)
and the proof is complete. We add the following

COROLLARY. If the function ¢(£) is integrable in the interval (0, R) for every
positive R, is continuous at t =1y, and if the integral

f e=t(8)dt
0

Le[f(2)] = ¢(t0) (to > 0).

converges for x>c, then

By use of this result we are now able to generalize Theorem 3, removing
the condition (3.16). Without loss of generality we may suppose that
o¢+) +¢0—)

2

(4.8) o) =

From the function g(#) of §2 we construct the function
ww) = [¢(t +) — &(to —)]g(u/t)) + $(to —).
This function is seen to satisfy the conditions
w(to +) = ¢t +),
w(to =) = ¢t —),
w(te) = ¢().

Consequently the function ¢(%) —w(x) has the value zero at # =¢, and is con-
tinuous there. Set

G(x) =f e*w(u)du.
0

The corollary of Theorem 4 gives us
Ly[F(x) — G(%)] = ¢(to) — w(to) = 0,
Ly [F(x)] = L. [6(x)].

Since w(#) is bounded, and thus satisfies condition (3.16), it follows that we
may apply Theorem 3 to G(x). Thus

L, [G(%)] = w(to) = ¢(t0)

and

L [F(2)] = ¢(to).
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We have thus proved

THEOREM 5. If the function ¢(t) is of bounded variation in the interval
(0, R) for every positive R, and if

e = [ e
0

the integral converging for some value of x, then

B +) + 6t =)

L[F(x)] = .

5. Uniform convergence. We have seen that if ¢(f) is continuous at
t=t, then L, [f(x) ] =¢(t). If ¢(¢) is continuous in an interval ¢ <¢<b, then
the equation holds for each ¢ of the interval. We now show further that as %
becomes infinite the sequence of functions L.[f(x)] tends to ¢(#) uniformly
in any closed sub-interval of (g, b) not including the end points. The precise
result is stated in

THEOREM 6. If the function ¢(t)-is integrable in the interval (0, R) for every
positive R, is continuous in the interval 0 <a <t <b, and if the integral

(5.1) f(x) =f”e“‘¢(t)dt

converges for some value of x, then

lim L.¢ [7()] = ¢(®

uniformly in the interval o’ St <V, where a <a’ <b’ <b.

Defining the function B(2, #o) as in the proof of Theorem 4, we obtain
© k k+1 uk
(5.2 Laa @] = #0) = [ ern(2) T E dota .
0 .
By virtue of (4.4) we have
| B(u, )| < Mev + Mevt + | ¢(t) || u — 2] .
Denote by N the maximum of ¢(#) in the interval a <¢<5. Then
| B(u, t)| < Mevs + Mer® + N(u + ) £ M'e (0= u < )

if M’ is suitably chosen. Hence, on integrating (5.2) by parts the integrated
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term vanishes for all ¢ in the interval (a, b) provided 2> bv. Then

k+1 1
(k - 1)1 gk+e
Make the change of variable v =u/¢:

I(k) = L [f(2)] — 6(t) = f " kel tyut-u — 1)du.
0

Bt
I(k) =

1 ©
Tt R OO

Since ¢(#) is continuous in the closed interval (a, b), to an arbitrary positive
e there corresponds a number & such that for any two points # and ¢’ of
(e, )

(5.3) | o) — o(t") | < ¢/3

provided only that |# —#’| <5. Now choose a number 7 satisfying the in-
equalities

(5.4) 0<9<1L,n=3/t,n=(b—0)/,n= (e — a)/d.

With this number 7 define the integrals I:(k), I.(k), Is(k) as in §4. From
(4.6) we now obtain

1 k+1
| 1,(k) I =

1
— e N(] — )L f erv(1 — y)dy.
ATESY (1—=m) (1 = y)dy

0

The right-hand side of this inequality is independent of ¢ and tends to zero
with 1/k.

We consider next the integral I3(k). Determine k,>+b. Then from (4.7)
we obtain

k+1

1
Iy(k)| £ — ———e U=kt (] 4 ) k=k B,
L@l =2 o 14
where

B = fme"‘we‘fb”y"n‘l(y — 1)dy.
1
Again the right-hand side is independent of ¢ and approaches zero with 1/Z.
In order to discuss I;(k) we note first that
| B(tv, t)| < et|v—1]/3
if 1 =n=v=1+47andif '’ ¢<¥. For, these inequalities imply that
|tw—t| =t|v—1]| <bn=<s.

Moreover # and ¢ lie in the closed interval (a, b) since the inequalities
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0=t=V,050v=1+19
imply
o= 1+,
or, by virtue of (5.4),
v <b.

In a similar way the inequalities 2 ¢’ and v = 1 —» imply #v 2 a. It follows that

to
| B, 9) | g'f | 6(w) — ¢() | du| < t|v—1]¢/3.
¢
Hence
kEt+1 1 € 1+9
| I(k) | < ——-f ekvpr=1| g — 1|%dy
Gk-1! ¢t 3J.,
k¥l ¢ b €
< —_ —k vy k—1 _12d = — .
D1 3, ¢ VT D=

Consequently we may determine a number %, independent of ¢ such that for
k>ke

[ 1(k)| <,

and the proof is complete.
From this result follows immediately

THEOREM 7. If the function a(t) is of bounded variation in the interval
(0, R) for every positive R, is continuous in the interval 0 <a <t <b, if a(0) =0,
and if the integral
f(x) = f e *tda(t)
0
converges for some x, then
:im Sk.e[f(x)] = a(®)

upiformly in the interval o' St<b', where a <a’ <b’<b.
For if « is sufficiently large

0

fx)/x = fo e~ *ta(t)dt,

and we have already seen that

L. [f(2)/2] = Se.e[f(x)].
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By Theorem 6 the left-hand member of this equation, and hence also the
right, approaches a(f) uniformly in the interval (a/, ¥’).

The interval of uniform convergence may, under certain conditions, be
extended to infinity. For example, we have

THEOREM 8. If the function ¢(t) is continuous in the interval 0 St <, and
if p(2) tends to a finite limit as t becomes infinite, then

)}.12 Li[f(x)] = ¢(2)

uniformly in that interval provided Ly [f(x)] is defined as ¢(0).

Under the present hypotheses the integral (5.1) converges absolutely for
2>0 and the method of proof is greatly simplified on that account. It will
be seen that we must show that

kk+1 v 0

fo ey [o(ty) — o(0)]dy

lim
k— o k!

approaches zero uniformly in the interval 0 <¢ <. The details of the proof
are left to the reader.

This theorem is a result which the author stated without proof in an
earlier note.* Another result which we enunciated in that note we record here
asa

CoROLLARY. The function
(14 x)~* — e*=
tends uniformly to zero in the interval 0<x < as k becomes infinite.

To prove this take the function f(x) of Theorem 8 as (1+x)~! and
¢(t) =et. Then

l L)
= f e~Tte—tdl (x> —1).
1+x [}

Since e~* approaches zero as ¢ becomes infinite and is continuous in the
interval 0 =¢< o, Theorem 8 is applicable, so that

1 t —k—1
lim L = lim(14—) =e
k—u»?e k"[x+1j| k—m( + k) ¢

* This was the Proceedings article mentioned in the Introduction. See Theorems 1 and 3 of that
note. It will be found that the statement of Theorem 3 is somewhat different from the statement of
Theorem 8 above, but the equivalence of the two results may be seen by making the change of
variable k/x=t.
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uniformly for 0 << . If we set ¢ =kx we have
lim [(1 + x)~%1 — e*] =0
ko

uniformly for 0 <x < . But
(1 + &) = ek = [(1 4 2) 4 — e¥e] + 2(1 + 2)~5

The minimum of the function x(1+4x)~*! in the interval 0Sx <o is
k*(k+1)—*1. This approaches zero with 1/k, so that the corollary is proved.
6. Further inversion formulas. We now prove

THEOREM 9. If the integral

6 = [ “ersiat ((0) = 0)
converges for some value of x, then
1—1{2 I:f(w) + (._... 1)k+l j;: %:eck/uf(k+l)(u + c)du]
_ a(t +) + a(t —)
2

>0
for any constant c.

This theorem is a generalization of Theorem 2 and reduces to that result
when ¢ is put equal to zero. To prove it we note as before that for sufficiently
large positive values of x we have

F(x) = f(x)/x = j;”e—“a(t)dt.
Since

F(x +¢) = f °',e"‘e‘“az(t)dt,
0

we have by an application of Theorem 3

k.

k—w 2

Set

© k

u
(6.1) I, = f(») + (- 1)’°+‘f ;Te”‘/“f"‘“)(u + ¢)du.

k/t

That this integral converges for any ¢ and for sufficiently large values of %
will become apparent when we replace f(x) by «F(x):
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L

I = f() + (- 1)*+1f

k/t

k
%e"‘/“[F"‘“)(u+c)(u +0)+ (E+ DF®(u+c)]du.

By integration by parts we obtain

e SR (B2 )

k

(6.2) + lim (= 1)*(u + ¢) %e"‘/“F"‘)(u +0

U—>0

© scklu

4 (= pr+ f  ChurF® (4 + ¢)du.
K/t k!

To show that the integral (6.1) exists it will be sufficient to show that the

limit involved in the third term of (6.2) exists and that the integral of (6.2)

converges. But we saw in §3 that

(= DEOEPR = ) = @+ @5 =+ (- DY@
and that
lim 79 (x)x = 0 (i=1,2--).
Hence
lim (— 1)*}F®(x)x*+1/ k! = f() (k=10,1,2,---),
or

k
lim (= D= (4 + Qe PO + ) = = f(),

so that the first and third terms of (6.2) may be omitted. To show that the
integral (6.2) converges we appeal to the inequality (3.4), from which it
foliows immediately that

|F® (x) | < MEY(x — g)+t (x> g).

By application of this inequality we see easily that the integral in question is
O(1/k) as k becomes infinite. Since the second term of (6.2) approaches
[a(t+) +a(t—)1/2, we see that
¢ t —
limI,,=a( +) + af )'
k—ro0 2

This completes the proof of the theorem.
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7. Relation between the operators L and S. We have already seen that
if
(7.1) 1@ = [ e,
0

then
Sff(®)] = fo o(w)du, Li[f(x)] = 6(t).

That is, we are able to determine ¢(f) and its integral in terms of f(x). We
are thus led to seek to determine the successive integrals and the successive
derivatives (provided the latter exist) of ¢(#) in terms of f(x). It will appear
in this section that the successive integrals of Si,:[f(x)] approach the cor-
responding integrals of ¢(f) and that the successive derivatives of Ly, [f(x)]
approach the corresponding derivatives of ¢(f). We begin by proving

TaEOREM 10. If f(x) is any function such that Si.[f(x)] exists for every
positive t, then

d 1
Esk.clf(x)] = - TLk.t[f ()]

almost everywhere in the interval (0, ).

By hypothesis f(x) must have derivatives of the first £+41 orders and the
integral

© k
(_ 1)k+lf %f(k+l)(u)du
kft K.

must converge for £>0. But this integral has a derivative with respect to ¢
almost everywhere in the interval (0, «) equal to

(__ 1)k+1 k k+1 1 _k—
Rl (7) f(+)(t>’

so that the result is proved.
If f(x) is defined by (7.1) where ¢(¢) is integrable in (0, R) for every
positive R, Theorem 2 shows that

lim Seelf(®)] = fo t¢(u)du.

Theorem 10 shows further that the first derivative of Sk..[f(x) ] with respect
to ¢ approaches ¢(¢) almost everywhere. For

ﬂw=—ﬁ3wwm
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and by Theorem 4 .
’!im - TLk.t[f,(x)] = ¢(9).

We next establish

THEOREM 11. If the function ¢(1) is integrable in (0, R) for every positive R,
and if the integral

£(2) = f ")t

converges for some value of x, then

¢ U YU Uy
f du,,.f du,,._lf t f & (%o)dug
0 0 0 0
(7'2) (— 1)k pw E\™
= lim———f ukf 1) () (t — —) du.
k—w kim! k/t U

It is a familiar fact that the iterated integral (7.2) can be expressed as the
single integral

f t (t —_ )m
———¢(u)du

The integral on the right-hand side of (7.2) can be expressed as follows:

(_ 1)k+1 L) E\™
.__.___f ukf(k+l)(u) t — —) du
kim! k/t u

(7.3) L _
= (—k:’z:ﬂ' Z(_ 1)'( )tm—tkoj;/ wk=if D ()du (B > m).

That the integrals on the right-hand side of this equality converge one sees
at once by use of (3.10) for =1, 2, - - - , m. For =0 the convergence of the
integral was already established in §3. Now let 2 become infinite in (7.3).
We shall be able to show that

(._ 1)k+l ] t
(7.4) lim ——— &¢ [ED(w)ur—idy = f wip(u)du
koo k! kit 0
and thus that

i D (— 1)k+1 i( ( ) pmigi f wuk—t‘f(k+l)(u)du
k

k—w kim! It

= Z (= 1)'( )—:_—‘j;‘ wip(u)du = ’%!j;‘(t — u)"(u)du.
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This will clearly establish the theorem. To prove (7.4) we note first that

f uk-if(k+1)(u)du -—_-f uk'f(k'+i+l)(u)du
k/t (

k1) /t
(k'+i) /¢

0
= f Wk fOHAD () dy — f w¥ fORHED () du,
k't Iy

/t
where ¥’ =k —i. But

NG R S -
lim (_ 1)k'+t+1______.____f uk' (k'+4+1) u)du = f u$¢ ,u)du’
k' (k' + ’L)! k[t f ( 0 (

as one sees by applying Theorem 2 to the function

1O = (= ¢ [ e=ptar
0
and by noting that
1 (B +i+ 1)
k' (& + i)!
That f® () =0 follows from (3.10).
It remains only to show that

(k' — o).

lim I = 0,
k— o
where
B4 1)i (ke
In = S_ii)_f wkfOHHD (1) du = 0,
(B+ D! Jrpe
Set
t
aw=ﬂ¢mw
‘Then

00

F(x) = f(x)/x = fo e~zta(t)dt,

and a(?) satisfies the inequality (3.4). Introducing the function F(x) we have

7 1) (k1) /¢
I = Mf [FO+4D (u)uk+t 4 (k + § + 1)urF e+ () |du.
k

(kB 4+ 9)! It
k + '>k+l

By integration by parts this becomes
E k+1 (k+i)/t
- F(k+z)( )<_ + 1f F(k+‘)(u)u"du].
¢ ¢ K/t

Iy = (k+1+1)[(k+><k+
!
.5 (k+ %)
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If we apply Theorem 3 to the function
(— 1)IFO(x) = f e=tia(t)dt
0

and to the function F(x) itself, we see that the sum of the first two terms on
the right-hand side of (7.5) approaches zero with 1/k. Finally by virtue of
(2.3) we have

(7.6) | FO+o(u) | < M(k + i)l/(n — g)k+itt (u > g),

whence the third term of (7.5) becomes O(1/k) as k& becomes infinite. The
proof of the theorem is thus complete.

We turn next to the problem of determining the successive derivatives
of ¢(¢) in terms of f(x). We first establish the following

LeMMA. If the function f(x) is of class® C* in the interval 0 Sx < o, then

a» da»
Zle@} ] = (= v (L)

¢>0;nk=012"---).

7.7 L,,,,[

We prove this result by induction. For n=1 we have

d
d—{xf(x)} = xf'(x) + f(x),
x

Lio[af(x)] = (= D*[fED(R/D(k/O¥2 + (k + 1)f®(k/1)(k/O)*+]/kL
On the other hand

R L DI OHOY

so that (7.7) is established for » =1. Suppose it is true for 0, 1, - - -, n—1. Re-
write the left-hand member of (7.7) as follows:

(7.8) Lk,g[:;:l{x"“dizxf(x) + (n — l)x"‘zxf(x)}].

If we replace #» by n—1 and f(x) by
d
(n — Df(x) + d*[xf(x)]
x

in (7.7) we see that (7.8) becomes

* That is, continuous with its first # derivatives.
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n—1

d d
— ) —_— - .
(= 4 dtn__lLk.t[ @+ l)f(x)]
Applying (7.7) again, now with n=1, (7.8) becomes

n

dar! d
d;n—l{(" = DLe[f(2)] - ‘E Lk.t[f(x)]}

(__ l)n—ltn—l

ar
= (= 1)”l”ét—”Lk,¢[f(x)]-
The induction is thus complete.
By use of this Lemma we establish

THEOREM 12. If the function ¢(8) is of class C» in the interval 0 St < 0, and
if the integral

(1.9) fo C st ()t
converges for some value of x, then the integral
(7.10) fw) = fo “est(i)ds
also converges for large values of x and
¢ () = lim :;Lk.cv(x)] (t>0).

Since the integral (7.9) converges, an application of inequality (3.4) gives
(7.11) | (1) | < Mest (0=t< ).
Integrating (7.9) by parts and using (7.11) we obtain

f 2™ (f)dt = — ¢ (0) + xf e~ (n—(2)dt
0 0

for all values of x sufficiently large. Successive applications of this result will
show that (7.10) converges and that

J@a = $D(0) + 26DO) + -+ 36(0) + [ o (@i
[]

Differentiate both sides of this equation # times with respect to =z,

©

d" n — 1 n —ztinp(n) d
—(f() = (= )fo“ 6™ (1),
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and apply the operator L;, to both sides of the resulting equation. This
gives, when the result of the Lemma is taken into account,

d» ©
tn —Lh,t[f(x)] = Lk,g[f e"‘t"d)(")(t)dl].
dir 0

Take the limit of both sides of this equation as k becomes infinite, applying
Theorem 4, and obtain

I3 d”
rpM(t) = khm " -d;Lk.t[f(x)])

from which the result of the theorem follows immediately.

8. The operator L applied to the Laplace-Stieltjes integral. We conclude
Part I with a discussion of the effect of the operator L on functions f(x) which
are defined by Laplace-Stieltjes integrals (1.1). We have already seen that

alt +) + ot —)
2

Sef(x)] =

We now show that L,[f(x) ] also exists for certain values of . We prove

THEOREM 13. Let the function o(t) be of bounded variation in the interval
(0, R) for every positive R, and let it possess a derivative on the right oy’ (to) and
a derivative on the left a_'(to) at a point to>0. Then if the integral

f(2) = f e dar(l)

converges for some value of x,

ai (to) + a! (%) .

L‘o[f(x)] = 2

We note first that it will be no essential restriction to suppose that f,=1.

For, set
g(x) = f(ﬁ) = f e=tihda(l) = f e=“da(ton)
to 0 0

where ¢ =4¢ou. Simple computation shows that
Li[g(%)] = toL,[f(%)]

and that the derivatives on the right and left of a(fox) at w=1 are £, ay’(to)
and ¢, o' (%) respectively. Hence if we have proved the theorem for f,=1 we
have
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Li[g(%)] _ ay (to) + a! (t) )
to 2

L [f(#)] =

Form the expression

kE+1 ©
Lualfa)] = = [ evuraas.
tJdo

The improper integral will converge if % is sufficiently large. It will be suf-
ficient to show that the two integrals

kk+l 1
ILi=—— | e*kda@t) — o’ (1)¢],
El Jo
k+1

k ]
! f et [a(t) —at (1)7]

Jr =

approach zero with 1/k, since we saw in §2 that

kk+l 1 a__’(l)
lim f eH tra ! (1)dt = ,
koo k! 0

i+l poo e (1)
lim f e+ pry (1)t = 0L
JU 1 1 2

If we introduce the functions

B(®) = o(1) — a(®) — a2 (1A — 1),
7(®) = a®) — a(1) = o/ (1)@ = 1),

we have
— Rkl p1
I = f eardp(l),
0
kk+l ©
- —ktsk
Jk wJ, e~ *ttkdy(t).
By noting that
B() = o(1 —¢) (t—-o1-),
v(@#) = ot — 1) t—>14),

and by use of the methods of §4, we see that I and J; approach zero with
1/k. We omit the details.

The proof may easily be extended to include the case in which «(#) has
right-hand or left-hand derivatives that are infinite at .
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Part II

THE REPRESENTATION OF FUNCTIONS AS LAPLACE INTEGRALS

9. A preliminary formula. In Part I we dealt with functions f(x) which
were known to be expressible as Laplace integrals. Here we shall abandon
this assumption and assume only that the functions f(x) are such as to make
the operators L and S have meaning. This will lead us to certain uniqueness
theorems regarding the representation of functions as Laplace integrals and
to necessary and sufficient conditions for such representation. We begin with

THEOREM 14. If f(x) is of class C in the interval cSx < «, and if the in-
tegrals

9.1) f ukf e+ (y)du (k=0,1,2,.---,n—1)

converge, then

(_

(9.2) F(k)( ) k+1 — f(OO) +_f k(_ 1)k+lf(k+l)(u)du

xz2c¢;k=0,1,---,n—1)
where F(x) =f(x)/x.
By integration by parts we obtain

0

(~ I)Hlfw %’;f(kﬂ)(u)du = [( 1)k+lf(k)(u)_]

© yk-1
=D Wi,

Since both integrals converge by hypothesis it follows that the limits

lim x*f0(x)

x>

exist for k=0, 1, - - - , n—1. The existence of all of these limits implies that
they are zero except perhaps for 2 =0. We prove this by induction. Suppose
that

lim xzf’(x) = B > 0.

x—®

Then there exists a positive number xo such that

xf'(x) > B/2 (x = 20> 0).
Hence
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zdu

f f'(w)du > — ;,

B
f(x) > — log — + JIEDE
2 X0

As x becomes positively infinite the right-hand side of this inequality does
also, so that f(x) can not approach a limit as the hypothesis demands. If B
is negative we need only replace f(x) by —f(x) in the foregoing proof.

Now suppose we have proved that

lim x*f®(x) = 0.

Then ;
xd_(xkf(k)(x)) = gD () 4 kakf)(x)
x
approaches a limit by hypothesis. By the previous work this limit must be

zero, whence

lim xk+lf(k+l)(x) = (.

X—®

This completes the induction and gives us the equation

FO(x)ak foo k-1

T (=) | —— f®()du.
o +(-=1) ,(k—l)!f (w)du

Successive application of this result gives (9.2).
CORrROLLARY 1. Under the conditions of the theorem,
L;,,,[F(x)] = S;,,,[f(x)] O<t=k/c;k=0,1,--- ,n—1)

o gk
(_ 1)k+lf Ef(lc-!~l)(u)du = (_ l)k

if ¢>0.
COROLLARY 2. If condition (9.1) is replaced by the condition
9.3) lim x*f®(x) exists (k=0,1,2,---,n—1),

Eamd
the result of the theorem remains true.

To prove this we have only to show that (9.3) implies (9.1).
10. Uniqueness theorems. We turn next to the proof of

THEOREM 15. If the function F(x) is of class C in the interval 0 <x <
and satisfies the inequalities

Mk!
(10.1) | Feo(a) | <

xk+1

(x>0;k=0:1)"');
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then
(10.2) lim we"‘Lk,,[F(x)]dt = F(x) (x > 0).
k= J g

That the integral (10.2) exists for k=0, 1, 2, - - - follows at once from the
inequalities

| L [F0)]| <M (¢>0k=0,1,2,---),

© ®© M
I f e—thk.‘[F(x)]dtl < f e Mdt = — (x > 0).
0 0 x
If we set .
Hi(x) = f =Ly ([F()]dt,
0
(x) = f Ly J[F(x)]dt,
k/z
we have

f”e"‘Lk,,[F(x)]dt = Hi(x) + I(x),
0

and it will be sufficient to show that

lim Hy(x) = F(2) (x > 0),
lim 73(z) = 0 (x > 0).

By the change of variable » =%/t we obtain
© k-1
= (— —_—p—kz/uR(k
) = (-0 [ TR O
On the other hand we have

» 00 —_— k-1
(_l)kf, %:’%!—qu)du

_ (._ l)k(u — x)k—l 0 5 © (u —_ x)k—2 -
Y FEDE lf, G .

The first term on the right-hand side of this equation is zero since

lim F=D(y)u*-1 = 0,
#— o0

F=1(y)

as we see from (10.1). By successive integration by parts we see that
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© (,u —_ x)k—l

F(x) = (= 1) f S P

Hence
Hi(x) — F(x) = f : (—k“i—_lm(— l)kF(")(u)[e"”/“ - (1 - %)H ]du.

Again using (10.1),
x k-1
e—kzlu — (1 —_ .__)
u

1
IHk(x) —F(x)| < ?f | ek — (1 — v)"“l dv.
)

o 1
| Bu(2) - F(®)| < Mkf ~

du,

or, by the change of variable v =x/x,

We write
et — (1 — o)kt = [e** — (1 — 9)*] — o(1 — v)*Y,

and note that

ek —1—-9)* >0 0<v<1),
as one sees by virtue of the familiar inequality
ez2>1—x (x # 0).

Hence

| Bu(x) - F(»)| < %E[Ll [e% — (1 — v)*]dv + fol v(1 — v)"‘ldv]
_ ill_k[l — ek 1 ] ME T(R)'(2)

x B k41 x T(k+ 2)

M[l ookt ]
=—l|1l—et——4—.

% E+1 k41

From this inequality it follows that
lim H.(x) = F(x)
koo

for all positive values of x.
For I.(x) we clearly have the inequality

lI;,(x)| < Me='dt = Me™*/x (x> 0).
ki/s
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This shows that
lim I (x) =0

k-
for all positive values of x, and the proof of the theorem is complete.
We now prove a companion theorem for the operator S.

THEOREM 16. If the function f(x) is of class C* in the interval 0 <x <o,
and if

© uk
(10.3) f S| <M (x>0 k=0,1,---),

then
lim e=dSe . [f(2)] = f(2) — f(=) (x>0

k—wo 0

where Si.o[f(x) ] is defined as f(=).

The existence of the integral (10.3) for all k enables us to employ Theorem
14 for an arbitrary value of k. Thus

F)(g) g+t
k!
0 k
= f@) 4+ (=D [ e (x> 0;k=0,1,--),
z k!

(=1

where F(x) =f(x)/x. By (10.3) we have
(10.4) | F®O(2)ak+1/RI| < | f(0) |+ M =N (x>0;k=0,1,---).

Hence we may apply Theorem 15 to F(x) and obtain

lim ”B_z‘Lk,t[F(x) ]dt = F(x).

ke Jo
By Corollary 1 of Theorem 14,
(10.5) L JF(x)] = Skilf(®] ¢>0;k=0,1,2,---).
The explicit expression for Si.[f(x)] shows that
(10.6) lim Si ([f(2)] = f().

An integration by parts, using (10.4), (10.5), and (10.6), gives

L 1 L]
(10.7) f =L, [F(x)]dt = f(:;) +— f e=dSi1[f(x)] (x> 0).
0 0
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It is to be noted that we have not proved that Si . [f(x) ] is of bounded varia-
tion in 0 =¢ < R. This is not necessary for the existence of the above Stieltjes
integral. We have only to note that e~ is a function of bounded variation in
the interval 0 <¢=<R for every positive x and R, and that S .[f(x)] is con-
tinuous in 0 =¢ =R (if defined as f() at £=0). Allowing % to become infinite
in (10.7) we have

lim -—1- °ae‘z‘¢iS';,,¢[_f(a::)] = I—(ﬁ)— - ———f(oo) ’
e xJg x x

from which the result of the theorem follows immediately.

Theorems 15 and 16 may be regarded as uniqueness theorems. The
former shows at once that if Fi(x) and F,(x) are two functions satisfying the
inequalities (10.1) and such that

(10.8) Li[Fi(x)] = Li[Fa()],

then F,(x) =F,(x) for all positive values of x. For, the function
®(x) = Fi(x) — Fa(x)

also satisfies inequalities (10.1). By Theorem 15

L)

(10.9) lim =Ly [®(x)]dt = ®(x) (x> 0).

k= 0
But by (10.8)
lim Ly, [®(x)] = 0 @ >0).
k— oo

Since
| e=tLi [®(2)] | < e,

and since the function Me—=¢ is integrable with respect to ¢ on the infinite
interval (0, «) for every positive x, we may take the limit under the in-
tegral sign in (10.7) and obtain
®(x) = 0.
In a similar way we can show that if ®(x) is a function satisfying (10.3)
and such that
S[e(x)] =0 (t>0),
then ®(x) is identically zero for all positive values of x. For, by Theorem 16,
lim e=dSh . [®(x)] = ®(x) — B(o).

k—o 0
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But
f”e-zzdsk',[é(x)] = — ®(x) + xfwe"‘Sk.z[‘P(x)]d’,
o 0

and since
| Sx.e2(@)| < N,
we have, on allowing £ to become infinite,
P(x) — ®(©) = — P(»).
The result is thus established.
11. Bernstein’s theorem. By use of Theorem 16 we can now give a much

simplified proof of a theorem of S. Bernstein.* As a preliminary result we
prove

THEOREM 17. If the function f(x) is completely monotonic in the interval
—n<x<® (9>0), then

f(x) = f e=tda(t)
0
where the function o(t) is a non-decreasing function and the integral converges

for x>0.

We recall that a function is completely monotonic in an interval
—n<x <o if it possesses derivatives of all orders there which satisfy the
inequalities

(= D*®(x) 2 0 (—n<z< o).
We prove first that the limits

(11.1) lim x*f(x) (k=0,1,2,--+)

x— 0

exist. The result is obvious for £ =0 since a completely monotonic function is
non-negative and non-decreasing. Now form the function

flx) — zf'(x).

It is clearly non-negative for x>0 and has a non-positive derivative

d
—(f(x) — zf'(x)) = — xf"(x).
dx

* S. Bernstein, Sur les fonctions absolument monotones, Acta Mathematica, vol. 52 (1929), p. 1.
See also F. Hausdorff, Summationsmethoden und Momentfolgen, Mathematische Zeitschrift, vol. 9
(1921), pp. 280-299.
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It must therefore approach a limit as x becomes infinite, and hence the func-
tion xf’(x) does also. We now proceed by induction. Suppose that the limit
(11.1) exists for £=0, 1, - - - , n. We can prove that it also exists for k=n-+1
by considering the function

=" (x) (= =
2 Term

11.2) (=) - of () +

whose derivative is

xn+lf(n+ l)(x)

(_. l)n+lxn+lf(ﬂ+2)(x)/n!.

The function (11.2) being non-negative non-increasing approaches a
limit as # becomes infinite. All terms except the last approach a limit by as-
sumption, so that this last must also. This completes the induction.

By Corollary 2 of Theorem 14 we see that the integrals

f wkfHD (1) dy (k=0,1,2,---)

converge for positive x. Hence the function
uk

(11.3) Sk.e[f(x)] = f(o) + fk/ ;(— 1) B+1fC+D () dy

is well defined for all positive values of ¢ and for all positive integers k. We
define the function as f(®) for £=0. Since f(x) is completely monotonic for
x>0, it is clear that the integrand of the integral (11.3) is non-negative.
Hence Si.[f(x)] is a non-negative non-decreasing function of ¢. Since the
function f*+1 () is continuous in the neighborhood of the origin, we have

0 4k
0 Sudf@] s f) + [ (= Dyt@I 0s1<0).
0 .
But this integral is independent of k. In fact
o 4k
(= rt [ 2w = 10) - f(),
0

as one sees by successive integrations by parts. Hence
0= Siulf(®] =f00) t20;k=0,1,2,---).
We are thus in a position to apply Theorem 16, for the boundedness of
St.¢[f(x)] implies the condition (10.3). Hence

f(x) = f() + lim fwe—”‘dsk,t[f(x)]-
kow Jo
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Now by a theorem of E. Helly* it is possible to pick from the bounded se-
quence of functions Si.[f(x)] (=0, 1, 2, --- ) a sub-sequence S;.[f(x)]
which approaches a non-decreasing function 8(¢) as j becomes infinite. By
the Helly-Bray theoremt it is permissible to take the limit under the integral
sign so that we have

)

1) = J=) + lim [ emsasialf)] = 503 + [ et (s).
e 0

0

Clearl
= B(0) = f() 2 0.

Hence if we define

a(t) = B() >0,
a(0) =0,

it is evident that a(f) remains a non-decreasing function and that
f(x) = f e~*da(t) (x> 0).
0

The theorem is completely established. We.now prove the theorem of
Bernstein:

THEOREM 18. A necessary and sufficient condition that f(x) should be com-
pletely monotonic for x>c is that

f(2) = f e*tdafl),

where the function o(t) is non-decreasing and the integral converges for x>c.

The sufficiency of the condition is established simply by noting that the
function

L

(= 1)k (x) = f e*ttkda(t)
0
must be non-negative for those values of £ which make the integral converge
if «(#) is non-decreasing.
The necessity of the condition is easily established by use of Theorem 17.
The important distinction between our present hypothesis and that of
Theorem 17 is that here we do not know the function f(x) to be completely

* Helly, Uber lineare Funktionaloperationen, Wiener Sitzungsberichte, vol. 121 (1921), p. 265.
t See, for example, G. C. Evans, Tke Logarithmic Potential, Discontinuous Dirichlet and Neumann
Problems, Colloquium Publications, vol. 6, of the American Mathematical Society, 1927, p. 15.
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monotonic outside the interval in which the Laplace integral is to converge.
We note first that the function f(x+c+n) is completely monotonic for
x> —1. Applying Theorem 17 we have

]

ﬂx+c+m=.femwmx

0

where $3,(#) is non-decreasing and the integral converges for x >0. That is,
(11.4) f(x) = f e~steletnidB (f) = f e=da,(t),

[} 0
where

a,(?) =f eletmugg (y).
0

The integral (11.4) converges for « >c+7. This argument holds for each posi-
tive value of 5 and appears to give various integral expressions for f(x) cor-
responding to the various values of n used. But since a function can have but
a single Laplace integral representation,* we see that o,(f) is independent of
n and may be denoted by «(#). This is a non-decreasing function. Hence

ﬂ@=f2wmw
0

where the integral converges for 2 >c¢+7. Since 7 was arbitrary, the integral
converges for 2 >¢ and the proof is complete.

12. Representation by absolutely convergent Laplace-Stieltjes integrals.
We are now able to give by the present, methods a much simplified proof of
a theorem of the author.tf We state it first in the slightly less general form:

THEOREM 19. A necessary and sufficient condition that the function f(x) can
be expressed as

(12.1) f(x) = f " e=tda(t)

where a(t) is of bounded variation in the infinite interval 0 <x < oo is that f(x)
should be of class C” in that interval and that

* D. V. Widder, loc. cit., p. 705. We are assuming of course that the functions ay(?), 5,(¢) etc
are all normalized. That is,
(0) =0, [ay(t +) + an(t —)1/2 = () (> 0).
t D. V. Widder, Necessary and sufficient conditions for the representation of a function as a La-
place integral, these Transactions, vol. 33 (1931), p. 851.
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© yk .
(12.2) f S| s i 2> 08=0,1,2,0).

Our present methods enable us to improve the proof of both the necessity
and the sufficiency of the condition. We begin with the necessity. Suppose
the function f(x) to have the representation (12.1), the total variation of
a(?) in the interval (0, «) being equal to M. Then the integral (12.1) must
converge absolutely for x=0. Denote the total variation of a(«) in the inter-
val 0Su<tby V(t). Then 0S V() <M for 0<t< . Set

g(x) = fwe"‘dV(t).

Then
(k) p— ® —zt kda < ® —zt de = (— 1 kg (k) R
10| = | [emraa |5 [Temare = (- o
and . .
(12.3 f, %'ﬂkﬂ)(u) | du < (— 1)+ f, .Z_ig(k+l)(u)du

(x>0;k=0)1:2)"')'

Since V(#) is a non-decreasing function, g(x) is completely monotonic for
x2>0. Hence the integrals (12.3) surely converge for x>0 as the argument
used in the proof of Theorem 17 shows. Integrating the right-hand member
of (12.3) by parts, we obtain

© gk x2 xk
f 2 | fO+D(w) | du < g(x) — xg'(x) +;g"(x)— (= l)k;g("’(x) (>0)
k : . .
© %242 x"t"
=f e"‘[1+xt+—+-~-+ ]dV(t).
0 21 k!
Again apply integration by parts to this last integral:
© uk © xk""ltk
f L) du s f V() (x> 0).
z . 0 .

Finally, since V(f) <M we have

© uk
f ;If(lﬁl)(u) | du =M (x> 0).

This completes the proof of the necessity of the condition.
We turn next to the proof of the sufficiency. The condition (12.2) on
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f(x) enables us to show that Si.[f(x) ] is of bounded variation in the infinite
interval (0, «) and that the total variation of f(x) in that interval has an
upper bound independent of k. For, let R be an arbitrary positive constant.
Divide the interval (0, R) into sub-intervals by points # such that

0=to<t1<"‘<l,.=R.
Then we have

n—1

E l Sk,t.'+1[f(x)] - Sk,t;[f(x)] l
=0 n—1 w  yk w gk
= Z f —(— 1)BLf G () dy — —(— 1) FHf+D () dy
=0 k/tin k! k/ts !
n—1 kit uk © uk
=¥ — | fE*D(0) | du = f — | SO () | du < M.
im0 JE/tg k! /e k!

Since M is independent of the manner of sub-division of the interval (0, R)
the function S:,:[f(x)] is of bounded variation in the interval and its total
variation in that interval is at most M, a number independent of % and of R.
Hence the total variation of Si.:[f(x)] in (0, «) is also at most equal to M
for all positive integers k.

Now by the theorem of Helly already employed in the proof of Theorem
17 we can pick from the sequence Si,¢[f(x)] a sub-sequence S; . [f(x) ] which
approaches a limit «(f) defined for 0 <¢< o, whose total variation in that
interval is at most M.

The condition (12.2) clearly implies the condition (10.3), so that we may
apply Theorem 16 here to show that

(12.4) 1) = 523 = lim [ "erstas, ).

Since
| Si.lf@]| = | f(0)| + M

we may use precisely the same argument as that used in the proof of Theorem
17 to show that we may take the limit under the sign of integration in (12.4).
Thus

f(x) = f(=) + fo “estda(l) (@(0) = f(0)),

or if «(0) is defined as zero,

f(x) = fo e==tda(t).
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In either case a(f) is of bounded variation in (0, ) and the proof is complete.
We now prove the more general result by use of Theorem 19.

THEOREM 20. A necessary and sufficient condition that f(x) can be expressed
in the form

(12.5) f@) = f *tdal),

0
where o(t) is of bounded variation in the interval (0, R) for every positive R, the
integral converging absolutely for x>c, is that f(x) should be of class C* in the

interval c<x <o and that for every positive constant & there should exist a
constant My such that

nouk
(12.6) f ;If"‘“’(u+c+5)|du§ My (x>0;k=0,1,2,---).

We prove first the necessity of the condition. Let f(x) have the form
(12.5). Then

(12.7) fate+n = [ "e=1dp ()
0

where

86 - [ et ()
0

The integral (12.7) converges absolutely for x> —3. The total variation of
B(u) in the interval 0 S« <tis

t
f e (HOUY (),
0

where V(#) is the total variation of a(«) in that interval. Hence the total
variation of B(#) in the interval 0 <% < 0 is

M; =f e (ctDud (y),
0

This integral converges since (12.5) converges absolutely for x =c+4. Now
applying Theorem 19 to the function f(x+c+8) we get (12.6). This estab-
lishes the necessity of the condition.

Now assume that (12.6) holds. By Theorem 19 we have

fa+e+o)= [ “eeidp()

0
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where B(?) is of bounded variation in the interval 0 <¢<oo. This integral
consequently converges absolutely for £=0. Hence the integral

ﬂ@=ﬁ}ww»
where

whfkwwm
0

converges absolutely for £=c+-6. This argument holds for each positive 4.
The function «(t) appears to depend on 4. This is not the case, however, as
one sees by again appealing to the uniqueness theorem for the representation
of a function by a Laplace integral.* Since 4 is arbitrary it follows that (12.5)
converges absolutely for £ >¢ and the proof is complete.

It is natural to inquire what sort of condition is imposed on the function
f(x) by (12.6) if the absolute value signs are removed from the integrand and
are applied instead to the integral itself. In this connection we prove

THEOREM 21. A necessary and sufficient condition that the function f(x)
can be expressed in the form

f(x) =« j; °°e"“da(t)dt

where ¢(t) is integrable in (0, R) for every positive R, is uniformly bounded in
(0, ), and is such that the limit

l t
12.8 lim — d
(12.8) i ﬁﬂmu

=0 §

exists, is that a constant M should exist for which

muk
(12.9) LL aﬂ”%@m¢<M (x>0;k=0,1,---).

We first establish the necessity of the condition. Set F(x)=f(x)/x. If
|¢(#)| <N for 0=t<, then
F®(x)

(12.10) xkt1

<N (=>0;k=0,1,2,---).

The hypothesis (12.8) implies that

(12.11) f‘¢(u)du~ at t—0)
0

* The function B(x) of course depends on &. It is precisely this fact that makes it possible for
a(t) to be independent of 5.
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for a suitable constant a. From this it follows that
t
f u*p(u)du ~ at*+1/(k + 1) t—0).
0
For, by virtue of (12.11), we have

[ -alau=o0 (t—0).
If we set
B() = fo w*[o (v) — a] du,

we must show that
(12.12) B(2) = o(t¥1) t—0).

By an integration by parts (12.12) is easily established.
This result enables us to show that

(12.13) (= 1D (5) ~ abl/zH (x— ),
or that
I = f e=4*[6(1) — a]dt = o(x—+Y) (x— ®).
0

Integration by parts gives

Iy, =x f °°e‘";‘}(t)dt
0

& ©
= x fo e *8(t)dt + « j; e=B(t)dt.

Using the relation (12.12) on the first integral on the right-hand side of this

equation we obtain

(B + 1)!
le

L

€+ xe‘(““)‘f e=t(N + a)tt+idt (x > xo > 0).
s

| ]| =

But
xe~ (T8 = o(x7F1) (x— ).
Hence it is evident that (12.13) is true. From this fact it follows at once that
ﬁ{l:f(x) = g, lim x*f(®)(x) = 0 (k=1,2,--:).

F 2]
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By Corollary 2 of Theorem 14 we have

(= 1*
k!

o .k
FO@wH = f) + (= D4 [ 2 e,
That is,

S N +[f(=)| = M.

This completes the proof of the necessity of the condition.
Conversely, suppose that (12.9) holds. Applying Theorem 14 we have

| Fo(@)a /Rl < [ f(0) |+ M (>0;2=0,1,2,---).
Then applying a theorem of the author* we see that

—.'_fix_)_— w—zt
P(s) = == = fo —

where ¢(f) is uniformly bounded in (0, «). It remains only to show that
(12.8) holds. We know that f() exists since the integral (12.9) converges
for £=0 by hypothesis. That is,

F(x) ~ f(»)/=.

Since ¢(f) is bounded we may apply a familiar Tauberian theorem{ and
conclude that

f t d(u)du ~ f(o)t t—0).

This completes the proof of the theorem.

Part II1
APPLICATIONS

13. Zeros of Laplace integrals. In this section we shall discuss the relation
between the zeros of the integral

(13.1) f(x) = f " estda(l)

and the changes of trend of the function «(#). In case a(f) has a continu-

* D. V. Widder, Necessary and sufficient conditions for the representation of a function as a Laplace
integral, these Transactions, vol. 33 (1931), p. 873, Theorem 13.

t G. H. Hardy and J. E. Littlewood, On Tauberian theorems, Proceedings of the London Mathe-
matical Society, vol. 30 (1930), p. 23.
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ous derivative o/(f), E. Laguerre* proved that the number of zeros of f(x)
in the interval of convergence of (13.1) can not exceed the number of changes
of sign of &/(f). He obtained a similar result for the case in which (13.1)
reduces to a Dirichlet series. We here extend the result to the general in-
tegral (13.1).

We first make a precise definition of the notion of change of trend. In this
definition we use the term interval to include an interval of zero length. A
function a(f) is increasing (or decreasing) in the zero interval (a, a) if
ala+) >ala=) (or a(a+) <ala—)).

DEFINITION. Let a(t) be a normalized function of bounded variation in the
interval 0 <t<R. Then o(t) has n changes of trend in that interval if there exist
points

O=th=h=tl=s-+Stn=RK,
with at most two consecutive t; equal, such that
altiyn =) #Z alti +) if ti1#0, t; # R,
(A) a(0) # a(04) if bh=1t =0,
a(R) # a(R =) if tw1=t.=R;
(B) a(f) is alternately increasing and decreasing in the intervals
(%o, 21), (21, 82), + = = (tny tat1) .

If a function has # changes of trend in (0, R) for every positive R suf-
ficiently large, we say that it has » changes of trend in the infinite interval
(0, «). In particular if «(f) has a continuous derivative o/(f) then # is the
number of changes in sign of /(¢). On the other hand if «(f) is a step-function,
so that (13.1) reduces to a Dirichlet series, # is the number of changes of
sign in the sequence of the coefficients. We now establish

THEOREM 22. If the function o(t) is of bounded variation in the interval
(0, R) for every positive R, and if it has n changes of trend in the interval
(0, ), then the function

1) = " stdat)

has at most n zeros in the interval of convergence of the integral.

By the definition of change of trend it is clear that the function

8w = [ )=t - (= t)da(t)

* E. Laguerre, Oeuvres, vol. 1, p. 29.
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is monotonic in the interval (0, «). Now form the function

0 L

(13.2) f%(z) = f e=dB(t) = f et — 1)t — ) - - - (¢ — tn)da(l).
0

0
Since B(#) is monotonic it follows that f*(x) has no zeros in the interval of
convergence of the integral (13.2). Set

C—=t)(E—t) - - —ts) = a(— )"+ Gua(— O+ - - - + ao.
Then
F¥(x) = aunf™ (%) + Gaaf "V (2) + - - - + aof(x).

If f(x) had more than # zeros, this linear differential expression would have
at least one zero, as one sees by a generalized form of Rolle’s theorem.t
Since f*(x) has no zeros, our result is proved.

By use of our inversion formula we can now get a more exact relation
between the number of zeros of f*(x) and the number of changes of trend
in a(f). We prove

THEOREM 23. If the function a(t) is a normalized function of bounded
variation with n changes of trend in the interval (0, R) for every sufficiently
large positive R, and if a(0+) =a(0) =0, then

0

O (x) = (= 1)* f e=tt*da(t)

has exactly n changes of sign in the interval of convergence of the integral for
all k sufficiently large.

Before proving the theorem we point out that the restriction a(0+) =a(0)
is a necessary one. If it were omitted, a(f) could be defined as

a(0) =0, a@) =1 0<t<l),
a(l) =3, a@®) =0 (1<t<»),

a function with one change of trend. Yet the derivatives of

1l—¢2= f e~ tda(t)
0

have no change of sign, no matter how high the order.
To prove the theorem consider the points &, &, - - -, £, whose existence is

t G. Pélya, On the mean-value theorem corresponding to a given linear homogeneous differential
equation, these Transactions, vol. 24 (1922), pp. 312-324.

D. V. Widder, A general mean-value theorem, these Transactions, vol. 26 (1924), pp. 385-394.
Since the coefficients a; are constants, the property W is satisfied in any interval.
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guaranteed by the foregoing definition. Consider two adjoining intervals
(#:-1,t:) and (2;, 8:41). Suppose that «(?) is increasing in the first and decreasing
in the second. We show first that points £, 9, { exist such that

(13.3) a) <alm) >af), ta=E<n<{=tia.

We consider several cases.
CASE L. t;_1 78, 8:#4:41. In this case a(f) has at least one point of increase
in #;_1 St =<t;. Hence we can find £ and 4’ such that
a(t) < a(n’) G SE<v =0).
Since «(#) has at least one point of decrease in #;<¢<t;,, we can determine "
and ¢ such that
a(n”) > a(f) B =1" <¢ =ty
Choose 7 equal to 5’ or 1’ so that

a(n) 2 a(n’),
a(n) = a(n”).
Then clearly (13.3) is satisfied.

CasE IL. ¢;_y5t;, t;=14;11. Choose £ and 7’ as in Case I. By B of the defi-
nition we see that a(fi;1+) —a(f;—) <0. Hence we can determine 5"’ such
that
a(tiyr +) + alt: —) )

2
Choose n as in Case I and { =#;;;. Then (13.3) is satisfied.

CasE III. #;_y=#;, t;5%¢;11. The treatment of this case is similar to that of

Case II and is omitted.

It is to be noted that ¢, #¢, since a(0+) =«(0). Hence £ >0 if 1=1.
Now choose a positive number € so small that

af) te<alm) —e<al) +e

By Theorem 2 we can determine an integer ko so large that
| Se.elf(@)] — a@®)| < e (¢ =4&mn b5 k> k).

a(n") > a(ti.“) =

Hence
Skelf(®)] < Sealf(®)] > Sk i[f(®)].

Since S.¢[f(x) ] is a function of class C’ at least, it follows that it has at least
one maximum in the interval #;_; <t <#;;,, where its derivative vanishes. A
similar proof applies if a(¢) is decreasing in (¢;—y, #;) and increasing in (¢;, ¢i41)-
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Since there are but a finite number of intervals (¢, #:+1) we can determine
ko so large that for >k, the function Sk, will have at least one
maximum (minimum) in (¢, £2),
minimum (maximum) in (¢, &),

maximum (minimum) in (¢, £4),

It thus becomes clear that the derivative of S [f(x)] with respect to ¢ will
change sign at least # times in (0, «). That is, the function

k* 1 k
—_— — (),
(B — 1)1 gh2 ¢

and hence also f*+V(x), must change sign at least # times in (0, ©). By
Theorem 22 we see that f*+V(x) must change sign exactly » times in that
interval and the theorem is completely established.

COROLLARY 1. If a(t) has a maximum (minimum)* at a point to, then for k
sufficiently large f® (x) will have a change of sign at a point x: such that

Let € be an arbitrary positive number. We must show that there corre-

sponds a number ko such that f®(x) will have a zero «; for which
k
—_— to
Xk

or that f®(k/t) will have a zero in the interval #,—e <f<#o-+e. This follows
from the inequalities

Stoteee[f(®)] < Skote[f(#)] > Skotere[f(2)]

precisely as in the proof of the theorem.

<e (k> ko),

CoroLLARY 2. If

f(x) = ale—)\;z + 026_)‘” + aae""" + ceey,

0<)\1<)\3<)\3<---, lim)\,,.=°°,
m— oo
and if the sequence a., as, as, - - - has n changes of sign,f® (x) will have exactly n

* We do not require that a(f) should be continuous at f. We must, however, have a maximum
(minimum) in the strict sense.
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changes of sign in the interval of convergence of the series for all k sufficiently
large.

COROLLARY 3. If a(f) has ng changes of trend in (0, R) and if

lim np = oo |

Row

then the number of changes of sign of f®(x) in the interval of convergence of the
integral becomes infinite with k.

Here we introduce the further

DEeFINITION. Let ¢(t) be integrable in (0, R). It has n changes of sign in that
interval if the function

alt) = f o()dy

has n changes of trend there.
For example, if (—1)'¢(#) 20 almost everywhere in (¢, ¢:41), the sign >
holding for a set of positive measure (:=0, 1, 2, - - - , #), then the conditions

of the definition are satisfied.

COROLLARY 4. If ¢(¢t) is integrable in (0, R) and has n changes of sign there
for every positive R, then the function

0

@) = (= O* [ Cemmratar

has n changes of sign in the interval of convergence of the integral for all k suf-
Sficiently large.

This result includes as a special case a result which the author stated
earlier without proof.* The increased generality of the present result is note-
worthy.

In case the function ¢(#) of Corollary 4 has its changes of sign at points in
the neighborhood of which it is different from zero, our inversion formula
enables us to locate the positions of the changes of sign of ¢(¢) if we know the
positions of the changes of sign of f(x). We first make exact the notion of
change of sign at a point.

DEFINITION. Let ¢(t) be defined in the interval (0, R). Then it has a
change of sign at a point t=1; (0 <t;<R) if for all positive e sufficiently small

ot —e€) >0, p(t; +¢€) <O,
o(ti —€) <0, ¢(ti + ¢ > 0.

* See the author’s Proceedings article cited in the Introduction, Theorem 5.

or
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We now establish
THEOREM 24. If ¢(2) is integrable in (0, R) for every positive R, the integral

(13.4) f(x) = fo ”e“‘qs(t)dt

converging for some value of x, and if ¢() has a change of sign at a point b,
then for k sufficiently large f® (x) will have a change of sign at a point x\ such
that

lim — = ¢,.
k= Xk

Given an arbitrary positive e we wish to show that we can find an integer
ko such that for 2>k, the function f®(x) will have a change of sign x; such

that

2|
— =t <e
Xk

or that the function f®(k/f) will have a change of sign between ¢, —e and
to+e for all £>k, By Theorem 4 the function L;.[f(x)] approaches f(x)
almost everywhere in (0, «). Choose a point 7 in the interval # <t <#fo+e
and a point £ in the interval ¢, —e <¢<?o such that

Jim L s [f(2)] = 6(8),

klillng.nU(x)] = ¢(n).
But
#(£) # 0, ¢(n) #~ 0, $(£)o(n) < 0.

Hence we can determine %, so large that for 2> %,

0
2

é(n)

Lig[f(x)] > >0, Li,[f(x)] < - <0,

or else

é(n)

¢ <0, Li,[f(x)] > — > 0.

Leelf(®)] < —
In either case the continuous function Ly [ f(x) ] must vanish between £ and
7. But this function vanishes only when f®(k/%) vanishes, so that the theorem
is established. We point out that the theorem could also be derived by use
of Corollary 1 to Theorem 22.
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COROLLARY. If ¢(8) is continuous in (0, ) and has changes of sign at the
points t;,
0<ti <ty <-v- <ty

and at no others, then f®(x) has exactly n changes of sign for k sufficiently large
at points

X1k > X2k > 0 > Xnky
and
lm 2 oL (=12 )
m = —_— 1 = o« .. ”n).
k—w k t T ’

Included in this Corollary is a result stated earlier by the author.*
We now illustrate the theory by an example. Take

¢() = (¢ —a)t =) (0 <a<bd).
Then , + 5
O PR L
X x
F0 () = (k +2)! @+ bk + 1! abkl
xkt3 prag xk+1

Simple computations show that

zip = {(@+0)(k+ 1) + [(a + 0)2(k + 1)* — 4ab(k + 1)(k + 2)]'/2}/(2ab),
w0 = {(a+b)(k+ 1) — [(a + B)*(k + 1) — 4ab(k + 1) (k + 2)]*'2} /(2ab).
These roots will be real if % is sufficiently large. It must be so large that
k41 > 4ab .
E+27 (a+ b2

The right-hand side of this inequality is less than unity if ¢ b, whereas the
left-hand side approaches unity as % becomes infinite. It is clear that

%1k 1 %o,k 1
lim =—, lim
k— o k a ko k b

This example shows that f®(x) may have a smaller number of changes of-
sign than ¢(#) for small values of k. For example, if a =9, =10, the function
f®(x) has no zeros for k£ <359, has two zeros for £>359.

As a further application of Theorem 23 we prove

* Theorem 6 of the Proceedings article cited above.
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THEOREM 25. Let the series
fz) = Za,,,z"‘
me=]

have radius of convergence R, and let the sequence of real coefficients a,, as, - - -
have n changes of sign. Then the function

fi@) = 2 an(m)ism
M1
will have exactly n changes of sign in the interval 0 <z <R for all k sufficiently
large.

Set z2=¢~zin the given power series. We thus obtain a Dirichlet series con-
vergent for x>log (1/R), to which we apply Corollary 2 of Theorem 23. Its
coefficients have exactly # changes of sign. Hence its kth derivative will have
exactly # changes of sign in the interval log (1/R) <x < « for all & sufficiently
large. Replacing x by log (1/z) we have the result stated.*

We may also obtain a similar result concerning factorial series.

THEOREM 26. Let the sequence ay, as, - - - have n changes of sign, and let the
series
a amm!m?
(13.5) flx) = 2

me1 (x4 1) - - (2 +m)

converge for x>0. Then it is possible to determine a number lo such that for any
fixed 1>1y the function fi®(x) will have n changes of sign in the interval
0<x <o for all k sufficiently large.

Since the series (13.5) converges we havet

13.6 = —2tg,(¢)dt,
(13.6) fi(#) f =it
where

(13.7) &) = Danm!(l — e )™ 1,

The series (13.6) converges for 0 <t< o, or the series

Yi(z) = i:a,,,m’zr.""l

m=1

* Cf. Pélya and Szegt, Aufgaben und Lehrsétze aus der Analysis, vol. 2 (1925), p. 44, No. 44.
t D. V. Widder, I, p. 739.
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converges for 0 <z<1. By Theorem 25 the function y,(2z)z will have exactly
n changes of sign in 0 <z<1 if / is greater than some number /,. The same
will be true of ¥;(z) and hence of ¢;(f) in 0 <t¢< . We have now only to
apply Corollary 3 of Theorem 23 to (13.7) to obtain the result stated.*

14. Special inversion formulas. We conclude Part ITI with several spe-
cific inversion formulas which, although they are immediate consequences of
the general theory, are nevertheless worthy of separate statement. The first
has to do with functions of the form

® da
o= xf);

considered by Stieltjes. He gave a complex inversion formula when a(s) is
an increasing function.{ Our present methods enable us to give the following
simple real solution of the Stieltjes problem.

THEOREM 27. If the function o(t) is of bounded variation in the infinite in-
terval (0, «), and if

_ * da(t)
(14.1) ﬂ@—.ﬂ e
then
(14.2) Dl e s@)] > 0).

To prove this result set
o(y) = f e vida(t).
0

Since «(f) is of bounded total variation in (0, «), this integral converges
absolutely for 0<y<. It follows that the integral (14.1) converges for
x>0, that f(x) is analytic in the whole complex x-plane with the negative
real axis removed, and that

f(z) = f =93(y)dy.

This integral converges for £ >0. But
a(t +) + a(t =)
2

* Compare Pélya and Szegd, loc. cit., vol. 2, p. 51, No. 84.
t See, for example, O. Perron, Die Lekre von den Kettenbriichen, 1929, p. 372.

= S:¢(9)] (t > 0),
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and
o(y) = L,[f(x)] (y > 0)

by Theorems 2 and 3 respectively. Combining these two results we have
(14.2).
Another application of Theorem 2 to Dirichlet series is contained in

THEOREM 28. If
f(%) = are™% 4 gge™% 4 - - -
D<M <A<, lim}‘n=°°’

n—c0
the series converging for x>c, then
2k/ a=1tAn) g4k
n = lim (— I)Hlf — [ (w)du (n=1,2,--),
k- 2k/ (rythg ) k!
where o is defined as zero.
This follows since

s = Saur i2l/(®] = So,_oonlf(#)].

In a similar way we may obtain the coefficients of a series in powers of 1/«
in terms of the function it represents.

THEOREM 29. If
@ 6 @
f(x)=—°+—:+—:+-~,
x  a? ad
the series comverging for x>c, then
d»
Ay = { lim —Lk,g[f(x)]}

koo di® =0

This follows since f(x) can be represented as a Laplace integral*

1@ = [ egomn
0
where
12 astd

¢(t)=ao+a1t+%+7+-.-.

An application of Theorem 12 now gives the result.
Finally, the coefficients of a factorial series can also be determined in

* See for example, D. V. Widder, I, p. 728.
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terms of the function which it represents.
TrEOREM 30. If

(@) = = —— & +-
f o 2(x+1)  x(x+4+ (x+2)

the series converging for x> c, then

k—o  di

dn
an = { lim —Lg, 10ga/a-0) [f(x)]} .
d " L=

The proof is similar to that of Theorem 29 and is omitted.

ParT IV
COMPLEX VARIABLE

15. Generating function analytic at infinity. In previous work we have
regarded the generating function f and the determining function ¢ as real
functions of the real variable. Let us now suppose that both are functions of
the complex variable. Set

z=2x41y, s =0+ ir,

and write
15.1 = ’ —8z .
(15.1) £65) f o (s)ds

We are still supposing that the path of integration is along the positive real
axis. If the integral converges for some value of s we easily see by breaking
¢(x) into its real and imaginary parts that

L:[f(s)] = #(2)

for all real positive values of x. It is natural to inquire if this formula still
holds when # is replaced by the complex variable z. In other words, will our
inversion formula hold off the real axis? We shall be able to show that it
holds in the half-plane x>0 if the function ¢(2) is analytic there. In the pres-
ent section we shall assume in addition that f(s) is analytic at infinity and
vanishes there. We recall that such a function can be expressed in the form
(15.1). If

o a,

(15.2) &) = 2 pred

ne=0

then
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0 n

(15.3) o) = 3 =,

n=0 n!

and ¢(2) is entire.*
We now establish

THEOREM 31. If f(s) is analytic at infinity and vanishes there, then L,[f(s)]
exists for all complex z and defines an entire function ¢(2) such that

£s) = f “evg(a)ds,

the integral converging in some half-plane o >o..

Since f(s) has the representation (15.2), the series converging in some
neighborhood of infinity, there exist numbers M and p such that

| an| < Mpm (n=0,1,2,---).
Simple computation gives

(15.4) Le[f(s)] = i (n+ B! au”

1/p).
~= T Bk (< 1/p)

It will now be shown that the series (15.4), whose terms are to be regarded
as functions of the two variables k and 2, converges uniformly in the region
|2| <1, k= ko, where I is an arbitrary positive constant and ko is a suitably
chosen positive integer. We note that

(nt Bl _ _1_( i( l)
Enkl —<1+k>1+k) 1+5

is a decreasing function of & for any positive integer #n. Having chosen / arbi-
trarily we choose the integer &, greater than Jp. We thus have
© (n 4+ k)! aqz” <« . (n+ ko)! Mp™in

> < 2

n=0 krkR! n! a0 Ro™ko! n!

Since the convergent dominant series is independent of % and of 3z, the uni-
form convergence of (15.4) is established. Consequently we may take the
limit of the series (15.4) term by term as k¥ becomes infinite for any fixed z
whose modulus is </ provided that the limit of the general term exists. But

. (n 4+ k) anz™ a3
lim ——— = .

koo n! krk! n!

It follows that
* See, for example, D. V. Widder, I, p. 728.
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L[f(9] = lim Le.[f0)] = X “;Z," = ¢(2)

n=0 .
for |z| <1. Since ! was arbitrary, the theorem is completely established.

CoRrROLLARY. Under the conditions of the theorem,
}im Les[f(9] = ¢(2)

uniformly in any closed region of the z-plane.

This follows at once from the fact that the series (15.4) converged uni-
formly in 2z as well as in &.

16. Determining function analytic in a half-plane. We now turn to the
case in which the determining function is analytic in the half-plane. We shall
show that in this case our inversion formula is valid throughout the half-
plane. The result to be proved is

THEOREM 32. Let the function ¢(2) be analytic in the half-plane x>0 and
let the integral

£(s) = f " vp(a)dz

converge for some value of s. Then
Lim Li.[f(5)] = (2)

uniformly in any closed region in the half-plane x> 0.

It is to be noted that we are not assuming that ¢(z) is analytic at the
origin. Thus our proof will apply to such functions as z-V/2. This degree of gen-
erality is reflected in a corresponding complication in the proof.

We obtain at once the following integral representation of Ls..[f(s)],

1 / E\F1 po
Li:[f(9)] = ;(:) fo e kuleykg(u)du.

Here u is for the present a real variable. Later we shall alter the path of inte-
gration and » will be a complex variable. Set z=pe‘¥ and »=re'. Let D be an
arbitrary closed region in the half-plane x >0. We can determine positive con-
stants po, p1 and ¥1 <m/2 such that for all points z of D we have po<p=<ps,
|¢| <¢1. Now consider the function

l 6_“/'“/2| = (r/p) exp [(—- r/p) cos (8 — ¢’)]

As z varies in D and » varies along the positive real axis we have
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(r/p) exp [(— 7/p) cos¥] < (7/po) exp [(— 7/p1) cos ¥1].

The right-hand side of this inequality is independent of the value of z in D
and tends to zero as r becomes infinite or as 7 approaches zero. Consequently
we can determine a positive number § <p, and a positive number A > p, both
independent of z in D such that

(16.1) | e""/'u/zl <e!

for » <6 and for » ZA.
We can now show that

k k+1 ©
(16.2) ( ) f e kuliykp(u)du = 0,
k—m k! A
. 1 k k+1 8
(16.3) lim — ——) f e~ kuleykp(u)du = 0
b-o I\ 2 0

uniformly in D. Set

o(u) = f " o(r)dr

for positive real values of #. Then constants M and g exist such that
(16.4) | a(w) | < Meon (0= u< ).

Hence
1/ R\ 1 / B\ *H
—(—) f e kulaykp(u)du = — a(A)——-(——) e—FAIZA K
kRI\z A kEI\ 3

1 k k+1 ) “u
T (k- 1)!(?) fA (e it [1 B 7]“

for k sufficiently large. The first term on the right-hand side of this equation
satisfies the inequality

(16.5)

k+1

| a(a)] o7t S | a@) | —— oo,

Ak Bkl
e—A/t.__I
3 k

where I <e~!, as one sees by (16.1). The dominant function is independent of
z in D and approaches zero with 1/k.
The second term on the right-hand side of (16.5) is in modulus at most

equal to
B+

u
14—
Po

1 ]
- lk—kof | a(u) I e~ Lkoucos¥,1/p, ukodu,
A

(F—1)! pé
where ko is chosen so large that the integral converges. This is possible by
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(16.4). The dominant function is again independent of z in D and approaches
zero with 1/, so that (16.2) is completely established. In a precisely similar
way (16.3) is established, an integration by parts being necessary since
| (%) | need not be bounded in (0, §). However, it is unnecessary to use (16.4)
in the present case since a(%) is continuous and hence bounded in 0 <% < 4.
We omit the details of the proof.

It remains to show that
1/ E\F1 pA
(16.6) lim —(—) f e~ kultykp(u)du = ¢(z)
koo EBI\ 2 ]

uniformly in D. To establish this point we must alter the path of integration.
We replace the segment of the real axis by a curve C composed of three arcs

Ci: r=3 0=6=y),
C,: 0=y @G=r=4),
Cs: r=A 0=0=y).

We have here supposed that ¢ =0. If Y <0, replace the inequalities defining
Ci and C; by ¢ £6 0. Since the integrand of (16.6) is analytic in the region
bounded by the line segment § <% <A and the curve C, we do not alter the
value of the integral by changing the path of integration as indicated. Itis
to be noted that the curve C changes as z varies in D.

We now show that

1 k k+1 .
lim —(—) f e kulzykp(u)du = 0 (:=13)
oo EI\ 2 Cs

uniformly in D. We prove it for ¢=1, the proof for =3 being similar. We

have
1 / B\ 1
—(—) f e kulaykp(u)du
RI\ z c

1

1/ E\F1 poa
< __<__) f Pl mm/p@kﬂl #(3¢%) l do
k!N po 0

kk+l Blk (2%
< — | | #(se)| ds.
k! po Jo

This upper bound is independent of z in D and approaches zero-with 1/%.
We have thus reduced our problem to that of showing that

1R\ o
lim —(—) f e Vkre¥ 1 Iapkgib et D (rei)dr = ¢(3)
s

-w B\ g



170 D. V. WIDDER [January

uniformly in D. But by Theorem 6

R A
lim f e kriepkdy = 1
e k] p1J,

uniformly* in the interval po <r < p;. Hence we must show that
kHl l A ]
lim — ——f e krlopklp(re¥) — ¢(2)|dr = 0
im = [6(¢%) — 9(2)

uniformly in D. Make the change of variable v =7/p. The integral becomes

kk+l Alp
1) = = [ erreorg(on) — o).
. 8/p

Given an arbitrary positive e we shall show that we can determine a number
ky independent of z in D such that

| I(k)] < e (k> k).
We first observe that
kk+l Alpgy
| I(®)| < . ekt | ¢(vz) — ¢(3) | dv.
. /py

Since ¢(2) is uniformly continuous in z we can determine a number { such
that

| 6 — 6" | < ¢/3 (| —2"] <9
provided only that z’ and 2" are in D. Set n={/p:. Thenif |1—v| <n, we have
|z—vz| <pm=¢.
Hence if zis in D and |1—v| <7 it follows that
(16.7) | 6(2) — o(vz) | < ¢/3.
We now have

| I(k) | £ Li(k) + Ia(k) + Is(),
where

pEHL i1
1) = =— [ et 6 - 60| i,
. 8

/p1
and where (k) and I3(k) are similar integrals with intervals of integration
(1—n, 14%) and (149, A/po) respectively.

* Take the function ¢(#) of Theorem 6 equal to zero for 0=¢=4 and for AS¢< =, and equal to
unity for <¢<A. Since §<po<p1<A, the interval (po, p1) is an interval of continuity of ¢(z).
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By (16.7)

€
e kuykdy < — -
1—q

| I(k) | =

If zis in D, and if §/p1 Sv <A/ p,, then vz surely lies in the closed region
pid/pr S p < piB/po, | ¥ S v
Denote the maximum of |$(z)| in that region by N. Then

k+1

(16.8) | (k)| < e *-n(1 — n)* 2N,

k+l
(16.9) | Is(k) | =

—k(l+1})(1 + n)kZN

If we determine k; so large that the right-hand members of (16.8) and (16.9)
are each less than ¢/3 for £>k,, we have

| I(k)| < e (k> k).

This completes the proof of the theorem.

17. The zeros of the determining function. The applicability of our in-
version formula in the complex domain enables us to extend the study of the
zeros of the determining function made in Part III to the case when these
zeros are no longer on the real axis. We first take the case in which the gener-
ating function is analytic at infinity and prove

THEOREM 33. Let the function f(s) be analytic at infinity and have the repre-
sentation

f(s) = f we‘"tb(Z)dz.
0

If ¢(3) has n zeros not at 2=0 in the region | z| <1, then there exists an integer ky
such that f®(s) has n zeros not at 2= in the region |s| >ki/l for k= k.

For, suppose that in addition to the # zeros of ¢(z) which are not.at the
origin there are m zeros at the origin. Then ¢(z) has #+m zeros in the region
| 2] <I. By the Corollary of Theorem 31

lm L, [/9] = lim (2 )( ) - o(a)

koo

uniformly in the region |z| <I. Hence by a theorem of E. Rouché* there will
exist an integer ; such that for £ >k, the function L .[f(s)], which is surely

* See for example Pélya and Szegd, loc. cit., vol. 1, p. 122, No. 194,
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analytic at 2=0 if suitably defined there, will have exactly #+m zeros in the
region |z| <I. If f(s) and ¢(z) have the power series developments (15.2)
and (15.3), then

ao=a1=---=a,,...1=0.

Consequently the function f¢®(s)s*+' will have m zeros at infinity and
L:.[f(s)] will have m zeros at 2=0 and hence # zeros in the region |z| <!
not at z=0. But f(*(k/z) has the same zeros as L .[f(s)] except at z=0. It
follows that f®(s) has # zeros not at z=0 in the region |s| >%/l=k;/l. This
completes the proof of the theorem.

If f(s) is no longer analytic at infinity we are not at liberty to suppose
that ¢(z) is entire. If ¢(2) is analytic in the half-plane x>0 we may still ob-
tain results concerning its zeros. We prove

THEOREM 34. Let the function ¢(pe'¥) be analytic in the half-plane —w/2
<Yy <w/2,and let

19 = [ “emstoran,
0
the integral converging for some value of s. If ¢(pei¥) has n zeros in the region
0<p1<p<pylv|<v:<n/2,
then for all k sufficiently large f¥ (s) will have n zeros in the region

k/ps < p < k/py,| V] < ¥
By Theorem 32 we have

et -1 S () -

uniformly in the region
PL=p S py| Y] = va.

By Rouché’s Theorem there exists a number %, such that for 2= %, the func-
tion Ly .[f(s)] and hence also f¥(%/z) has exactly # zeros in the region

pr<p <ps|¥| <

We obtain the result of the theorem by replacing z by &/s.
We turn now to the complex analogue of Theorem 24.

THEOREM 35. Let the function ¢(3) be analytic in the half-plane x >0, and let

6= | (s,
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the integral converging for some value of s. If ¢(2) has a zero at a point 2o, %0>0,
then for k sufficiently large f® (s) will have a zero at a point s, such that

Let the zero z, of ¢(z) be of order N. With z, as center describe a circle
of radius # so small that no other zero of ¢(z) lies in it and such that the circle
lies entirely in the half-plane #>0. Then by the Theorem of Rouché we can
determine an integer &, so large that for 2>k, the function f(¥ (k/z) will have
have exactly N zeros (distinct or coincident) inside this circle. Denote any
one of them by z;. Then f*(s) will vanish at the point sz =%/z;. Then

k
— — 2
Sk

<n.

Since 5 was arbitrarily small it follows that

. k
lim — = 3.
k—o Sk

In a similar way we could show that if f(s) is analytic at infinity and if
#(2) vanishes at a point 2, not the origin, there would exist a zero s of f*¥(s)
for £ sufficiently large such that /s, approaches 2, as k£ becomes infinite.

We illustrate the result by several examples. The first example following
Theorem 24 gives us an interesting example of the present theory in case
a=5b>0. Then ¢(#) has a zero at a but no change of sign there, so that the
real theory fails. We find that f(®(s) has the complex zeros

sea = [(B+ 1) + i(k + 1)12]/a,
sk = [(k+1) — i(k + 1)12]/a.

Hence f®(s) will have no real zeros however large £ may be. But it will have
two complex zeros for all £ and

Sk.i

lim

1
= — =1, 2).
ook a G )

The same analysis holds if ¢ <0 or if ¢ is complex, and provides an example
to illustrate the case in which the zeros of ¢(z) may be in the half-plane x <0.
Of course f(s) is analytic at infinity.
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PArRT V
THE MOMENT PROBLEM

18. The problem. In this part we shall consider the infinite system of
equations

1
(18.1) Mn = f t"da(t) (” = 0) 1’ 27 e ),
0

where a(?) is of bounded variation in the interval (0,1) and a(1) =0. The rela-
tion of this system of equations to the integral equation (1.1) becomes evi-
dent if the substitution #=¢* is made:

Mn=fwe‘"“d{—a(e‘“)} (n=0,1,2,---).

Here the variable #, running through a discrete set, replaces the continuous
variable x of (1.1). We should expect then to be able to determine the func-
tion a(f) in terms of the sequence {u.} by use of an operator similar to (3.1),
(3.2), replacing the derivatives of f(x) in that expression by the differences of
{1a} and the integral sign by a summation sign. We shall find that the ex-
pected analogy is complete and that we can also obtain in a similar way
an operator analogous to L.[f(x)] which, when applied to a sequence

1
Un = f 1 (f)dt,
]
will yield the function ¢(¢).
19. An extension of the Laplace method. In the following section we

shall need an extension of the classical Laplace method for the asymptotic
evaluation of a definite integral. We state the result that we shall need as a

LEMMA. Let the function h(x) be of class C" in the interval a<x<b and
satisfy the conditions

k() =0, B'(d) <0, h(x) < h(b) (6 £ x<Db);
let the functions ¢1(x), do(x), - - - be of class C' in a <x <b and satisfy the con-
ditions

| $e(2) | < ¥(x) (e x=0),
lov(@) | =M  (esx=bk=1,2--),
| ox(®)| 2 1 (k=1,2---),

where Y(x) is integrable in (a, b) and M is a constant independent of k. Then

1] —_T 1/2
kh(z)d ~ b kh(d)
f., ou(2)e* ®dz ~ gy(b)e (Zkh,,(b))
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This reduces to the classical result if the functions ¢x(x) are all equal to
a single function y(x). Since the proof is much the same as in the classical
case we omit it here.* ‘

20. A preliminary limit. We begin with a consideration of the limit of

no=3 (”k)!to*(l‘— oy (r=[2] 0 <n<1)

imnt1  GlE] -

as k becomes infinite. Here, as in the remainder of the paper, the notation
[#] means the largest integer contained in . Taylor’s series with exact re-
mainder for the function (1 —x)—*! gives

e S G G EEDILE (o= 2)
(1 =t) H_.-‘_v"; TR fo (1 — gymtrr

Hence

Hi(#) = (1 — go)*H+!

%

(z+ k+ 1)!f‘o (to — 2)*
nlk! o (1 — x)ntkt2
or, if we set u=(ty—x)/(1—x),
(20.1) () = %1)—' fo “un(d — u)kdu.
Let us first consider H;(¢,). Set
vo = to/(1 — to), @ = kvg — n.
Then « depends on % and satisfies the relation
0==a<l.

Since
nlk!

1
f ur(l — w)bidy = —«——,
0 (n+ k4 1)!

we have

1 f l {uro(1 — 1)} *u—edu

H (o) f ‘o{u”o(l _ } .
0

By use of the Lemma of the previous section we shall show that this quantity
approaches unity and hence that H () approaches 1/2 as k becomes infinite.
We first obtain an asymptotic expression for the integral

* See, for example, Pblya and Szegb, Aufgaben und Lehrsitze aus der Analysis, vol. I,
p. 80, problem 212,
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(20.2) f%{u"o(l — )} *uedu.
0

Let & be any positive quantity less than #,. Then

s el A
{u”o(l - u)}"u—“du < {6%(1 - 6)}"'1f u?~1(1 — u)du
0

(20.3) ~°

= {tm(1 — #5) }*O(8"),

where B is a positive constant less than unity and independent of 2. We now
apply the Lemma to the integral

% :
f {uro(1 — u) }ru—edu.
3

For the application we have
h(x) = volog x + log (1 — %),
K(x) > 0 (x < to),
1
K () =0, K'(te) = — m <0,
or(x) = x7, |¢,,’ (x)l <1/8t = M,
¢k(to) =t > 1.

Hence we conclude that

f " (01 = )} o ~ OB — 1)/ QRN (ks ),
]

By virtue of (20.3) we see that the integral (20.2) has this same asymptotic
expression. Similar reasoning shows that

f'l {um(1—u) Pru—edu ~ ¢+ UDXL —t)e+1(x/ (2k) )12 (k- »)

0

so that )
}lm Hi(t) = 3.
Next consider the case £>#,. Set
v=12t/(1—1%).

Since the function %*(1—w) is increasing in the interval 0 <% <t, (with its
maximum at ¥ =¢>1,), it follows that
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4

ou”(l — w)rdu < {to"(l — to)}"—l,

T'(ok + & + 2) ]
B < T'(k + DI(kv + 1){"o (1 = )}t

By use of Stirling’s formula we can show that the right-hand side of this in-
equality approaches zero with 1/k. Thus

vk _I_ k + 1 vk+k+l( e )k( e )vk (0+1)”2
lim Hy(}) = lim [ ————— — ) \— (1 — L)1 {——) .
lim Hy(t) = Jim ( e > 7)) et =m0
The function of % on the right may be regarded as the kth term of an infinite

series whose test ratio is
v 4+ 1\°*
(1 ) @+ vatt = .

We can show that this is less than unity. Introducing # and setting ¢ —¢,=19
we must show that

7 tl(l—t)( 7
. 1 —-— 1 .
o ()

Employing a familiar inequality we have

7\
(1—7> <1-—n9,

7 1—-¢
(1+——> <14,
1 —1¢

nt( n )1—‘
1-2Y (1 <l—p<i,
( t) i !

from which (20.4) follows at once. Hence the series in question converges
and

0

lim H(t) = 0 &> t).

k=0

Finally, if 0 <t <to, we write

kE+ 1! !
1 — Hi) = Mf w1 — u)kdu,
nlk! t

Tk + &+ 2) 1
1— Hy(t) < TG T OTGE T 1){to (- to>}'°70~-

We treat the right-hand side of this inequality as before. We are again led to
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prove (20.4), but now 7 is a negative quantity greater than —1. The inequali-
ties employed are not affected by this change so that

’}im [1 — H:»] = 0.

Consequently we have proved
THEOREM 36. If
©  (i+ k) ( [ kt ])
Hi(t) = _— T 40i(1 — £g) k! : =|—o1),
x(?) ‘_21 Y o¥( o). =113

_(n+k+1)! to

ur(1 — u)*du,

nlk! 0
then
1 0<t<ty),
lim H:() = { 3 (¢ = t),
k-0
0 th<t<l).

We have really solved here the system of moment equations

ton-l-l 1
i - f 1o(t)ds
0

Tt
and found that
R EEDL _[._’i’_]
¢(t) = kli?: ikl ( 1) A Hny n = 1 —¢

21. Inversion of the general sequence of moments. We now introduce the
following operators.

DEFINITION. An operator Si{u.} is defined by the equations

= (4 B! kt
Sealtm) = —pe— 2 (¢ + )(_. 1)FHIARH,, n= [_]’

imnt1  GlR! 1 -1

S:{Mn} = bll;lgsk.t{#n} .

DEFINITION. A7 operator L.{u,} is defined by the equations

n+ k+ 1)! ki
Ly fua} = L-W)(‘ 1) Aky,, n [1 — t]’

L{w} = l}lm Lie{ua}.

We shall now show that S {u.} inverts the sequence (18.1).
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THEOREM 37. If the function a(t) is of bounded variation in the interval
0,1) with a(1) =0, and if

1
bn = f trda(t) (n=0,1,2,--),
0
then ¢ +) + o
a(t +) + aft =)
Se{un} = . 0<t<1).
An integration by parts gives us
1
Hn = — 0 f tra(t)dt n=12"--).
0
Then
Hnt1 1
n = — = tra(t)dt =0,1’,....
v, e j; a(f) (n 2 )

We first show that L, {v.} is well defined. We have

(n+k+ D!t .
R A R el

Let ¢, be an arbitrary point in the interval 0 <f<1. Set

-1 0 <t <y,
g =1-14% (t = t),
0 kh<t<l).

Form the function
¥ = g {alto +) — alte =)} + alto +),
so that the function
¢(u) = a(u) — ¥(u)
has the property that
ot +) = ¢(t —) = 0.

Now set up the integral
(m+k+ 1) p! kt
I=—" f y(1 = y)*é(y)dy (n = [—o])
nlk! 0 1-— to

We divide the interval of integration into three parts (0, 1 —9), (1—7, 1+%),
(14n, 1), denoting the corresponding integrals by I, I,, I; respectively.
Given an arbitrary positive e we determine 5 so small that

()| =] a() — ¥ | < ¢/3 O<|y—t]=n.
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Then we have

n+k+1)! r? € €
1] s SESE [ e - r Sy = 5
n.k! 0 3

3
n+ k4 1)!
I I:I é (—-'-;-'k-:-—)(to —_ n)("-‘)‘o/(l—‘o)(l —# + n)k—lM,
n+ k4 1))
| I8| < (—‘+——t——)—(to + ) Dl U=t (1 — gg — p) k1],

nlk!

where M is a suitably chosen constant. We have already seen in §20 that the
right-hand members of the last two inequalities approach zero with 1/k, so
that it is clearly possible to determine &, so large that
| I] <e
for k> k. But
I= Lk,c{l’n}

(21.1) (n4+k+ 1) L

+ {ata +) = alto =)} [ “yn(1 = )ty = ata +),

. 0

so that by allowing k to become infinite we obtain

0= Lt{l’n} + a(to +) _2- a(to —) - a(fo +):

alty +) + alte —) .
2

Lt{"n} =

To evaluate the limit of the second term on the right-hand side of (21.1) we
have employed Theorem 36.
It remains to show that

Le.o{va} = Se.e{na}.
To do this we prove first that
(i+k+l)!k+1 G+ &+ 1)

i1 = hm

1
~ 77 fH(1 — )RHda(l) = 0
ine (k4 DUl e (k+ Dl fo (1 = )*ida()

and that u, exists. Introduce the function

w(t) = a(t) — a(1 =) o=st=s1).
Then

Iz = fl 1 (1 — f)*da(t) = flt‘“(l — () (k=0,1,2,--+).
0 0
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In particular

Hit1

1 1
+do(t) = i+1
fo 1+1da(f) fo 1 +1do(f)

—a(l =) — G+ l)j;lt‘w(t)dt (:1=0,1,2,--4).

Given an arbitrary positive ¢, we determine a number 4 such that

| w(@® | < /2 1=-s8=st<1).
Then

. 1 . . 1—8‘ . 1 __6_
G+ 1)f° tw(t)dtl g|(¢ + 1)fo tw(t)dtl G+ 1)f1_‘t¢ ~a
= (1 =" +¢/2,

where N is an upper bound for |w(#)| in (0,1). We can now determine 7 so
large that (1—8)#! N is less than /2, so that

pa = = a(l —).
Next consider

1 1 1
iy = fo FH(1 — f)kda(t) = fo #HAR(L) = — (i + 1) fo s8(t)dt,

where

1
80 = [ (1 - el Osi<),
8(1) = 0.
Since B(?) is continuous at £=1, it follows that
B() = o((1 — %) t—1).

Hence it is easily seen that
v, G+ 1)E!
Lix = : lft'l—t"dt}= {———} i — ),
k o{(z+ ) . ( ) 0 GrEF D! (1> =)
Consequently we have proved that

CGF+ R4 SHIA B _ _
(21.2) lim ey (— DA =0 (= 0,1,2,00).

With this fact at our disposal we shall be able to show that the series

> (i+ k4 1)!
”m+2£i+_)

(21.3) & G+ 1!

(= DFHAR,,
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converges and has the sum

(21.4) f‘, (n + 9!

=0 iln!

(= DiA%ay.
We proceed by induction. For 2 =0 the relation reduces to
Bo = D2AHit1 = fns1.
$=n

The series converges since p; is known to approach a limit as 7 becomes in-
finite, and partial summation shows the equation to be true. Now assume
that (21.3) is equal to (21.4) and prove that the same equation holds when %
is replaced by 2+1. Then

M1 (n 4 4)! © (i 4+ k+ 1)!

— 1) Afungs = pe, — L (— 1)EHIARL,
o1s) g alil (= D)A%uppr = p, + § HG T+ D! (-1 Bit1
) (n+ k+ 1)
P (. 1 k+lAk+l ntle
+ (k+ in! ( ) Hnt1

We observe that
(G+k+2)!  G+E+D G+ E+ D)
B+ DIG+ 1! (B+ D kG + 1)!

and apply partial summation to the right-hand side of (21.5). By virtue of
(21.2) we thus obtain

B (n4d) ©  (i4 k+2)!
— 1) A%y = pg — )k+2 k2
g il (= DA%pp1 = pe + (— 1) Z,:, &+ DG+ D! i1

The induction is complete.
But (21.3) is —Sk..{un}. Also (21.4) is —Ls,.{r.}. For,

Hat1 k k) . { 1 }
Ak —_ Al n A —
{n-i-l} g(z Mt ek i 1

= i(_ l)k—i( ’f)A.-MW

1 (n+ k4 1)!
|
_GhEEDl
nlk!
ko (n 4 i)! -
N Zo : ilnrt (= DA%uppr = — Lk.t{"n}-

Hence
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a(t+) + a(t -)
2

St{l‘u} =klirnSk.t{llm} =hlim-Lk,t{Vn} =

and the proof of the theorem is complete.
In the course of the proof we have demonstrated

THEOREM 38. If the function ¢(8) is of bounded variation in the interval
0,1) with $(1) =0 and if

1
Mo = f inp(2)dt n=012--),
0

L{p.} _ +)-:¢(t =) 0<t<1).

We next establish the stronger result contained in
THEOREM 39. If the function ¢(f) is integrable in (0,1) and if

1
B = f tﬂ¢(t)dt (” = 0’ 1, 2, . e ),
0

then
L{ua} = (1)

almost everywhere in (0,1).
As we observed in §4

f7¢(u>—¢<t)|du=o(tx—z|)

for almost all values of ¢ in (0,1). Let #, be such a value of ¢, and form the
integrals

FE+ Do
I = ("_;'T'_) fo (1 = 3)*{$(3) — 6(to)}dy,

(k41!
h nlk!

k

f‘: y"(1 = 0 {e(y) — ¢(to)}dy, =n= [1 k_to to]’

It will be sufficient to show that I and J; approach zero with 1/%; for,

+E+ D! L0
= (_”_nm_l fo y*(1 — y)*é(y)dy,

Lifun} = () + lim {Iu + 2},

Lk,to{“ﬂ}

Since the proof is similar for the two integrals we give only that for I;. Set
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¢ | ¢(y) — ¢(t)
v = | | o,

to y
It is easy to see by integration by parts that y(f) is also o(to—?) as ¢ ap-

proaches #,. Hence to an arbitrary positive e there corresponds a number &
such that

(21.6) [y < ta—3)e/2  (0<to—8<y<t).
Introduce the integrals
n4+k+ 1) Lo
i =CEEED" it~ preo) — stas,
nlk! to—8
(n+ k+ 1) pro?
1= ST [T e — )4 e() - e},
nlk! 0
so that

I},=Ik' +Ik”.

ko [ kto ]
a = - ,
1—=14 1—1

n4 k4 1)1 [
gl itr f yrol = (1 — y)ky=e{g(y) — ¢(%) }dy,
n!k! to—3
nlk! , I

AN
(n+k+ 1)1 "

If we write

we have

to
< f yol =t (1 — 3)y=1| ¢(y) — ¢(to) | dy
t

0—8

— v(to — 8) (0 — 8) ¥t/ I=t)(1 — £y 4 )%

= [ aatyresoa -y

Noting that the function
yhtol A=t (1 — y)k

is increasing in the interval (¢ — §, ¢,) and applying (21.6) we obtain

nlk! €
arra o < it — e — et o)
._f — y)d kto/(l-—to)(l —_ y)"}
€ to 1
=) TR =)y < _f y(1 — y)*dy,
2 to—3 2 0

| IZ | < ¢/2.
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We turn next to I/. It may evidently be written as

k)
a nlk!

17

t—d
fo yktl A=t (1 — y)ky=a{d(y) — ¢(to) }dy.

Let %, be an integer so large that

koto
- & 1.
en
yhtol (=tlyma(l — y)ke < 1 O=y=1),
and
nlk! . o . .
e P fo Y-kt Gt (1 — y)kbo| 4(y) — (to) | dy.

The function
y(k—ko)tol(l—to)(l —_— y)k—k.

is increasing in the interval (0, ¢,), so that

n+k+1)!
100 ] 5 EEE D, — pyaroniamwt — o oyst,

where \
to—
M =f | 6(3) — (ko) | 2.
0

But the right-hand side of this inequality tends to zero with 1/, as we proved
in §20, so that we can determine £; so large that
| I | < e/2 (k> k),
and
| I kl < e.

The theorem is thus established.

As illustrations of Theorems 39 and 41 it is interesting to show by direct
evaluation of the limits concerned that

1
L =
t{n_l_z} ¢ ©0<t<l),
S{ ! }—tz_l ©0<t<1)
Nn+2f 2 :

22. Uniqueness theorems. We are now in a position to establish



186 D. V. WIDDER [January

THEOREM 40. If the sequence {u.} satisfies the inequalities

(22.1) |Akp,.|<—M"—”i— mn=0,1,2,---;k=0,1,2,---)
(n+ k+ 1)!

then
hm = lim olt”‘Lk,g{p,.}dt (m=0,1,2,---).

By definition of the operator L, {u.} we have
ltm(n + k4 1)1

1
I(m) = f t’”Lk,g{[.t,.}dt = (— l)"f ARy, dt,
0 0 nlk!
where
=]
n=|—-:I1.
1 -1
Set
1 n+ k4 1!
Hi(m) = (— l)"f t"'(——)—A"y,,dt,
(22 2) m/ (k+m) n'k!
. m/(k+m) (n + k2 + l)!
Ji(m) = (— l)kf ¢ ————————Aku,dt,
0 nlk!
so that

I(m) = Hi(m) + Ji(m).
Our theorem will then be established if we can show that
lim Hy(m) = pm, limJy(m) =0 (m=0,1,2,..-).
k— o

kow

In the integral (22.2) make the change of variable
u=Fkt/(1 — 1),
so that

o m E + 24 D!
(22.3) Hy(m) = (— 1)"fm (kjl‘-u) Y ([}u] [a]th! )A"M[uldu-

Next we observe that

& Gtk—m—1
@24 o ?.:mck - DIp — m)!

This result is easily proved by induction, making use of (22.1).

— 1)*Aky,.
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Now write the summation (22.4) as an integral as follows:

® +Ek—m—1)!
(22.5) um = (= l)kf El[eul 1)1([u]m— m;nAk”‘“’du'

Then
~ © u m k ([“] +k+1)!
Hi(m) — pm = (— l)kfm Akﬂ[ul{(k+u> (k + u)? [u]!k!
([u] + & —m — 1)1
T = D] —m>!}d“
By virtue of (22.1)

|H:.(m)—u...|§Mfw<u n_ k-1
m \e+u/ (k+ u)? % u
[u] —m+1 Ek4+u E+u E+u
T Wtetiwl+r W+ iom®™
But
u+k u— [u] —j 1
[u]+k+j=1+[u]+k+j=l+o(7> (k=)
uniformly for m <u < . Also
[u] — j

ul —u—j N
[—L—-llé— G=0,1,2,m=1),

_1|=

u

where N is a constant independent of % and of j. Hence for m=1 we have

H —o{f” k —l—d } k— )
k(m)_#m_ . (k+“)2 Z u ( -
1
-0(3) (k= ),
so that
(22.6) lim Hy(m) = pm (m=1,2,3,.--).

koo

For m =0 we have from (22.3)

_ © (p+ b+ 1)! s p
B = (= D3 Tk, f T
= (_ l)lni MAIQ#‘,.

o (k= 1)ip!
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But reference to (22.4) shows that this is uo, and (22.6) holds also for m =0.
It remains to show that

(22.7) lim Jx(m) = 0 (m=0,1,2,---).

k— o

By virtue of (22.1) we have

m/(k+m) Mm
IJk(m)I = f tmMdt < )
0 k+m

so that (22.7) is evident. The theorem is thus established.
We turn next to a corresponding result for Stieltjes integrals.

THEOREM 41. If

= E)!
Z(p+)

<M m=01,2---;k=0,1,2---),
p=m DlR!

(22.8) AR+,

then

1

Hm — Hep = :im t"’dSk,g{;l,.} (m' = 0, l) 2, )’
—> 0 0

provided Si.1 {p,,.} is defined as — pio,.
To prove this result we rewrite the sum (22.8) as follows:

= (p+k=—1! = (G + B (p+k—1)!
(_l)k,‘_v";. pi(k — 1)1 Ak“’—(—l)k,g,.{ Bpl ki (p — 1) }Ak”
Now
o (p+k— 1) < (p + B)!
(—~ 1)*5‘———(’;!(,@_ o1 Akuy = (= 1)*5———(1’“?!) Atu,
L (p+ k-1
T T S

for any integer ¢>m. Changing the summation variable in the last of these
sums we have

L (p+ k- 1)
P AT T
' R)! atl k)!
= (= DY _(f_-l-__)_Ak”p_ (- Dk Y (1’_+___)_Akﬂp+l

= Rip s P!
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g (p+ B)!
= (— 1 k+1 ____Ak+l
(-1 p_EMl P n
(m + k)! (¢g+ &+ 1)!
—_ k k —_— (— koo Ak
D A m 5D k!(q+1)zA“"+"

Now let ¢ become infinite. Since the summations on both sides of the equation
approach limits by hypothesis, it follows that

. (g + B!
lim T Ak
- klg!

exists (£=0, 1, 2, - - - ). We can show, in fact, that all these limits are zero
except perhaps that corresponding to 2 =0. For, suppose

lim ¢Ap, = B > 0.

g—®
Then for ¢ = ¢, we have
qAp, > B/Z)
and
go+n B %tn
Kogtnt1 — Z Al-‘q> >y E ?
=4

As n becomes infinite the right-hand side of this inequality becomes posi-
tively infinite, so that pu, can approach no limit as ¢ becomes infinite, con-
trary to the fact established above. If B<0 we deduce a contradiction by
applying the foregoing proof to the sequence { —u, }. Proceeding by induction
suppose it has been established that

(¢ + &)!

T LAY -0
g ke =0

let us show the same to be true when £ is replaced by £+1. We have

(¢ + »)! (g+k+1)! (g + #)!
klg! Akﬂ”l} TR AT T e e

By assumption the right-hand side approaches a limit. It follows that
+ k)!
qA{u Aw,}

(22.9) (¢+ I)A{

klg!
approaches the same limit. Since
k)!
(22.10) .gq_i___)_Akﬂﬁ_l

klg!
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also approaches a limit we may apply the argument used for the case k=0
to the sequence (22.10). It follows that the limit of this sequence must be
zero and hence by (22.9) that

(g4 &+ 1)!

k+1 = 0.
e (B Digt e
We showed in §21 that
(n+ k4 1)!(_ l)"A"{ [TAeY }
nlk! n+1
(22.11)
> (i4+ k41!
= — 1)k+1 S AR,
provided that
i+ k4 1)!
GHEAD 0.

ine (k4 Dl

But we have just established this latter result. Then by (22.2) and (22.8)
we have

(n+ k4 1)!‘“{ Hat1 }
nlk! n+4+1

< |ba| + M.

By Theorem 40 it follows that

1
Potl e lim t"'L,,,,{ frtt }dt.
m+ 1 koo J g n+1

By (22.11) we see that

n+1
Hence
Mmi1 . 1 ™
m+1 fim ], "Selualds
tm+l to=1 1 1
= — lim Sk,z{#n} + lim —— tm+1dsk,t{ﬂn},
k- M 1 te0 o m4 0

1
pmpr = lim Sy {pa} + po-
—» 00 0

This completes the proof of the theorem.
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23. Hausdorff’s theorem. Just as our inversion operator enabled us to
give a proof of Bernstein’s theorem so will the present inversion operator en-
able us to give a proof of a familiar theorem of Hausdorff.

THEOREM 42. A necessary and sufficient condition that the equations
1
#..=f trda(t) n=0,1,2,--")
70

should have a bounded non-decreasing solution o(t) is that the sequence {u.}
should be completely monotonic:

(— DA%, =0 (k=0,1,2,---;7=0,1,2,---).

The necessity of the condition follows at once from the equation
1
(= 1)*Aku, =f t"(1 — t)*da(t).
0

To prove the sufficiency apply the operator S, to the sequence {u.}. We
must first show that Si:{u.} exists. To do this we show that for a com-
pletely monotonic sequence p, we have

n -+ k)!
(23.1) lim (————-)—A’.‘y,.+1 = ck (k=0,1,2,---).
n—o nlk!
We use induction. The result is immediate for £=0, for the sequence {u.}
is non-negative non-increasing. Next form the sequence

Vo = pny1 — (® + DAppir rn=0,1,2,--.).
This is also a non-negative sequence. Moreover,
Av, = Appy1 — (7 + 2)A%011 — D
= — (n + 2)A%n41.

This is not greater than zero, so that the sequence {.} is also non-increasing,
and must therefore approach a limit. Since uq4; has a limit, the same must be
true of (#+1)Apa+1. We proceed by induction. Suppose that (23.1) has been
established for £ <m. Form the sequence

(n+ D +2)

Va = pat1 — (7 + DAppp + 2 Pt — ° ° "

(23.2) (n + m)!

+ (— l)m—'_Aml-l»H-
min!



192 D. V. WIDDER [January

Simple computation gives

N (n+m-+ 1)
mi(n + 1)!

It follows that », is a non-negative, non-increasing sequence and hence must

approach a limit. Thus every term in (23.2) except the last is known to have

a limit. It follows that (23.1) holds for 2 =m, and the induction is complete.
In the proof of Theorem 41 we showed that the existence of the limits c:

implied that they were all zero except perhaps co. This, in turn, implies the
convergence of the series

Av, = (— 1) Amtly, = 0.

GG+ k41!
23.3 —HI Y T AR
(23.3) b ?.,. BG4 1)1
Moreover
> i+ k+ 1!
. E:’T(_ 1)ErIARL,
23.
(23.4) = (i+4 k4 2)!

- (— k+2A k+2,, .

S I GanGT ol DA e

The derivation of this formula involved (23.1) as well as the convergence of

the series. But the series on the left surely converges for £ =0 since the limit

of u, exists. Hence by induction we see that (23.3) converges for all &.
Having verified that the operator Si,.{u.} exists we prove next that it

defines a non-decreasing function. We have

& (@ + k4 1) [kt]
S nf = = Mo — —_—— (= 1) kIARY,, = | —.
bl = = = 2 (D wos, # = |
As tincreases # is non-decreasing, so that
° (i4+k+ 1)
—_—(— 1 k+1Ak+l .
Z TR TN Hirt

is surely non-increasing. That is, St,:{us} is non-decreasing. The same must
be true of S;{u.}. Clearly

S G+ k41!
.—Sk,t{ﬂn} = —Sk-o{ﬂn} = po + (— DFL Y '(-?—————)'A’H'

1

TG+
© (i4 k+1)!
PIENCRILEDY (:;. f—l)—,)wmm + (= DFHAR,
=0 . H

= (i+ B)!
u,+2(1 )

=0 k!

(= 1)MI88 I = o,
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This latter result is certainly exact for 2=0 and is easily seen to be true in
general by induction using (23.4). Hence the inequalities (22.8) are satisfied
by the given completely monotonic sequence {u.}. Hence by Theorem 41

1
#m—#.,=f_ t™dSk,{pn} -
[}

Now we employ Helly’s theorem precisely as we did in the proof of Theorem
17 to select from the bounded sequence of non-decreasing functions Si..{un}
a sub-set which approaches a non-decreasing function 8(¢). As in that proof
we see that

1
o = o = [ 1m80).
0

Here (1) = —u,. We define a(?) as follows:

a(t) = B(¢) o=<t<1),
a(l) = 0.

The function «(f) remains non-decreasing since —u, <0 and
1
;4,,.=f tmda(t) (m=0,1,2,---).
0

This completes the proof of the theorem.}
The present methods are powerful in the discussion of what sequences
are moment sequences. We use them to prove one further result of Hausdorff.

t Compare F. Hausdorff, Momentprobleme fiir ein endliches Intervall, Mathematische Zeit-
schrift, vol. 16 (1923), pp. 220-248. It is of interest to compare Hausdorfi’s method of approximation
to the function a(f) with our own. His kth approximating function xi(f) is a step-function which
vanishes at #=0 and has a jump of amount

k
(_ 1)1:—»( " )Ak—n“u

at the point n/k (n=0,1,2, - - - , k). Our kth approximating function, S,¢{u*}, is also a step-function
vanishing at the origin and with jump of amount

(- ¥ (” + k)yﬂ,,
n

at the points n/(n4-k) (r=0, 1,2, - - - ). Thus the function xx(#) has (¢+41) jumps which depend on
differences of order less than or equal to k. On the other hand the function Si,¢{u*} has infinitely
many jumps which cluster about the point ¢=1, the amount of the jumps depending on the (¥+41)th
differences only. We note further that the function Ls,¢{u"} isalso a step-function with jumps at the
same points n/(n-k), the amounts of the jumps depending on differences of order % only.
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THEOREM 43. A necessary and sufficient condition that

1
(23.5) Hn =f trda(r) rn=0,12---)
0
where a(t) is of bounded variation in (0,1) is that for a suitable constant M
d + k)!
(23.6) X @—%%IAH%I <M m=0,1,2,---;k=0,1,2,---).
p-m . .

We first prove the necessity of the condition. Assume that u, is defined
by (23.5) with «(f) of bounded variation in (0,1). Denote by V(#) the total
variation of a(x) in the interval 0 <x<¢. Then by Theorem 42 the sequence

1
v,.=f dV (¢) (n=0,12,---)
0
is completely monotonic. Hence
lAk+l M' S (= DFLARL,

= B & (ot B
E. Ikl 4 ”"|=,§ Ikl

This completes the proof of the necessity.
We turn to the sufficiency of the condition. By condition (23.6) we see at
once that Theorem 41 is applicable to the sequence {u.} so that

(= D)HIARY =y —y = M.

1
(23.7) Bm = P = :im t"‘dSk,t{Mn} .
—o 0
Simple computation shows that the function Si.{u.} is a function of
bounded variation and that its total variation in the interval (0,1) is not
greater than M.

We now employ the theorem of Helly used in the proof of Theorem 19
to select a convergent sequence of functions from the sequence Sk, {.}. The
limit function «(f) will itself be a function of bounded variation and by (23.7)
we have

1
b = Hoy = f t™da(t).
0
If a(2) is redefined at £=1 to be zero there, we have

1
Hom =f tmda(t) (m=01 2.
0
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and the proof of the theorem is complete.
24. The changes of sign in a moment sequence. The operators S and L are
useful in discussing the changes of sign in a sequence

1
I‘n=f trda(t) (rn=0,1,2,---)
0

in terms of the changes of trend in the function a(#) or in terms of the changes
of sign in the derivative a’(f), if it exists. We begin by proving

THEOREM 44. If the function a(t) has m changes of trend in the interval (0,1)
then the sequence

(24.1) Mo = flt"da(t) (n=0,1,2,---)
0

can have at most m changes of sign.

For, set .
= da(t) = | et
u(2) f teda(t) f e=dB(),
B(t) = — ale™).

Since u(x) is continuous (analytic in fact), and since u(#) =u,, the function
u(x) would have more than m zeros if the sequence (24.1) had more than m
changes of sign. But this is impossible by Theorem 22. We next establish

THEOREM 43. If the function a(t) is a normalized function of bounded varia-
tion with a(1) =a(1—) =0 and with m changes of trend in (0,1), then the se-
quence

1
(24.2) (— 1)*A*y, =f t"(1 — t)*da(t) n=0,1,2,-.:)
0

has exactly m changes of sign for all k sufficiently large.

We prove exactly as in the proof of Theorem 23 that corresponding to
two adjoining intervals (¢i_1, £:), (%, £:y1) of the intervals referred to in the
definition of number of changes of trend (in the first of which «(#) is increas-
ing, in the second of which, decreasing) there are three points £, 9, ¢ such that

a®) <aln) >af) (@FEa=E<n9<¢Stiy).

We then determine %, so large that for £ >%, we have

[l <=l
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and such that
Sttt} < Seafpa) > Sep{na}
for k> k,. This is possible by Theorem 37. Hence

et (4 b+ 1)1 5
(—. 1)k+l "Z MA"-HNH-I > O: ne = [—E—]’ Ny = [ k" ]’

S RG+ 1! 1-¢ 1—1
G4 R4 1) k¢
— Y T TTAR L <0, mp = [———] E> k.
( ) §' EI(i + 1)! Mit1 4 1—;’ 0
There is at least one term in each series, so that there must be at least one
change of sign in the sequence {A**'u,} (=0, 1,2, - - - ) between the terms

n; and n;. We are thus able to show as in the proof of Theorem 23 that the
sequence (24.1) has at least m changes of sign for % sufficiently large. That it
can not have more follows from Theorem 44.

" COROLLARY 1. If the function a(t) has a maximum (minimum) at a point
t=1,, then for k sufficiently large the sequence

1
(= 1)k, =f P = OMa()  (n=0,1,2,--)
0

will have a change of sign at a term n=mn, such that

Nk

= lp.

lim
k- Ny + k

For, if € is an arbitrary positive number we must show that a number £,
exists such that the sequence A*u, has a change of sign at #=#,, where
(2’
N + k

As in the proof of the theorem we see that for % sufficiently large the sequence
changes sign between the terms with indices #; and #; where now

E=1to— (e/2),n =t + (¢/2).
Suppose that a change of sign occurs at the term # =#;. Then
| B/(1 =8 =1 <m<m<ms k/(1-5).

—to <€.

Hence
N

nk-{-k
ne 4+ 1 : k < i
A+ k+1 - (ARt k+1) mtk

<¢<th-+e

£ <
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Since the left-hand side of this last inequality approaches £ as % becomes
infinite we can find a number £, so large that

ng

(k> ko).

€
thh—e=¢t——<

2 ng + k
This proves the corollary.

COROLLARY 2. If the function ¢(t) is integrable in (0,1) and has a change of
sign at to between O and 1, then the sequence

(= 1)kAky, = f l;»(1 — £ (t)de
0

has a change of sign at a term with index n, such that

.M
lim = {y.
koo Ny + k

One proves this by Corollary 1, setting
1
«t) = [ s
t

and observing that «(#) has a maximum or minimum at #. This result is a
generalization of a theorem of Fekete cited in the introduction. Fekete con-
sidered only functions ¢(#) which are continuous.

25. Complex variable. Hitherto we have considered only real moment se-
quences. It is natural to inquire whether our inversion operator is still valid
for complex sequences. Let

(25.1) Mo = f l tre(t)dt
0

where now ¢(#) is a complex function. We shall continue to take the path of
integration as the real axis. By breaking ¢(¢) into real and imaginary parts
we could easily show that

L{pa} = ¢(t)

for all real ¢ between 0 and 1. However, we wish also to obtain an inversion
formula which will be valid for complex ¢. The operator L becomes meaning-
less for complex ¢ since its definition involves the greatest integer contained
in k¢/(1—t). We may define an operator L} which is applicable to any se-
quence defined by (25.1) as follows.
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DEFINITION. An operator L¥{u. } is defined by the equations
T+ k+2) kt
L i) = (— D)ok, o = ,
bl (ot DI g 1) DA @ =77

Lt{ﬂn} = l}iln Lk,t{l‘n} .

In this definition the factor A*u, is taken to mean
1
Aby, = (— l)kf u(1 — u)*p(u)du
0

when ¢ is not an integer. We shall be able to show that this operator inverts
the sequence (25.1) not only for all real ¢ between 0 and 1 but for all £in a
circle of unit diameter with center at ¢=3%. In fact we prove

THEOREM 46. If the function ¢(u) is analytic in the circle
lu—3] <13
and if
o= [ wstdn,
0

then for any t in that circle
L*{ua} = ¢().
If £y is in the circle C described in the theorem, then
R(to/(1 — o)) > 0,

where the symbol R denotes “the real part of.” Hence the integral
folu’“‘o(l — u)kp(u)du, wo = to/ (1 — to)

converges for all positive %, and we have

(25.2) L:,go{[.lm} = folu’“’o(l - u)"¢(u)du/j;lu"“o(1 — u)kdu.

By the function #*<« we mean exp (kw, log %), the real determination of the
logarithm being taken. To evaluate the limit of L., {u.} as & becomes in-
finite we employ the method of O. Perron. To make use of this method we

t O. Perron, Uber die niherungsweise Berechnung von Funktionen grosser Zahlen, Sitzungsberichte
der Akademie der Wissenschaften zu Miinchen, mathematisch-physikalischen Klasse, vol. 7 (1917),
pp. 191-219.
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must alter the path of integration in both integrals (25.2) so as to make it pass
through the point #.
Set
g(u) = ueo(1 — u) = exp {wo log # + log (1 — u)},

where % is in the circle C and where that determination of the logarithm is
taken which is real when # is real. It is easily verified that g’(¢,) =0. If we set

v+ o\ /1 —v— ¢
h(”)—( to ) ( 1— ¢ )

the power series development of log %(v) begins as follows:

-02
log h(v) = — ———
og h(v) 2l 1y +
Now define r and 8 by the equation
re® = — 1/{2t(1 — t)?}

and apply Perron’s result. We obtain

flu"“o(l — u)kp(u)du ~ (kr)~1%e®12(x) 2 (ty),
0

1
f ukoo(1 — u)kdu ~ (kr)=V2eBI2(x)1/2 (k> o).
(1]
It follows that
lim L o {a} = 6(t).

k—oo

One of the hypotheses assumed by Perron, when stated for the case in hand,
was that it should be possible to pass a curve from =0 to # =1 in the circle
C such that for all points of the curve except u=t¢,

le@) | < gt .
To establish the existence of such a curve consider the level lines
lgw)| =] gtto)| -

We can show that they consist of two curves intersecting only at #, which
divide the circle into four parts. In two of these parts

| g(w)| < | g(to) |

and in two

| g [ > | gt -
Without setting down the details of the proof we point out that it will
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be quite sufficient to show that, on the boundary of C, | g(%)| has only two
relative maxima and only two minima (=0 and »=1).

If u=pe*, simple computation shows that on the boundary of C, where
p=cos 0,

| g(w)| = (cos 6)%%(1 — cos 8) = ¥(6).

Here a and b are the real and imaginary parts of w, respectively. It will be
sufficient to show that the logarithmic derivative of () vanishes just twice
for —w/2<0<w/2. But

¥'(6)
v(0)

= —atand — b + cot (0/2).

Since ¢ >0 the curve
y=atanx 4+ b

consists of two branches, one descending from + o to — « as «x varies from
—m/2 to 0, the other descending from + © to — « as x varies from 0 to 7/2.
On the other hand the curve

y = cot (6/2)

consists of a single branch ascending from —  to + c as x varies from —m/2
to 7/2. These two curves can intersect in only two points, the points where
v(6) is maximum. One of these points clearly lies between —m/2 and 0, the
other between 0 and /2. The level lines through #=#, must then cut the
circle at only four points, thus dividing the circle into four parts as described
above. This completes the proof of the theorem.

HARVARD UNIVERSITY,
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